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Aunre6pa u reomerpuas MHEK

Anareopa u reomerpus MHR

Mopgenb NVHEVHOW PErPeccUm:
Y, =Bt B € i=1,..,n.
31eck | — HoMep HaOaogeHusi. IlpegmosaaraeM, 4TO BCEro
uMeeTcs n HaOJJIIOJeHMH.
3aBUcMMas nepeMeHHas:

%
y=| :
yn
MaTpuua perpeccopos:
Ly T
X = .
X X

L
Korga roeopar o0 sxkcmepruMeHTaxX, To MaTpuily X Ha3bIBAIOT
MaTpuIled mJaHa.
KoadhhrUMEHTLI perpeccuy — mapameTphl:

nm

B
B=| :
B
Ownbkn:
81
e=| : |[.
En
YpaBHEeHUE perpeccum B MaTPUUYHON (hopme:
y=XPB+e

To xe ypaBHeHHe ObIBaeT yAO0OHO 3amucaTb B BEKTOPHOM
¢dopme:
y = Blwl + + Bmwm + €.
3nech

nj
BexTopa z; HaseIBAlOT perpeccopamv, a Takye (pakTopamu, He-

3aBUCUMBIMU II€PEMEHHBIMU, OOBICHAMOIUMYU II€PEeMEHHBIMU.
OHU ABAAIOTCA CTOJNOIMAMU MATPHUIILI X, MOoueMy OHA 1 Ha3bLIBa-
eTcsa MaTpulieii perpeccopos:

X=(x,..x,).
Yacro marpuny X ObIBaeT yao0HO pa3OdUTh Ha CTPOKH
X, = (20, ooy Tif)s
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X,
X=| :
X?L

OcTaTtok 1o i-My HaOJOAeHNI0, COOTBETCTBYIOIUIA BEKTOPY KO-
sddunmenTos P:

&(B) =y — XPB.

(B orsimume ot omubOK, 0003HAYAEMBIX IIPOCTO Yepe3 €;, Oy-
JeM BalKCBIBATH OCTATKM KaK (QYHKIUIO OT aprymenra P, T.e.
&,(B)-)

Bekrop ocrarkos: €)=y - XPB

MeTon HauMeHblinx keagpatoB (MHK) cocToMT B MUHMMUBAIVN

CyMMbl kBazpaToB octaTkoB (RSS — residual sum of squares) mo B:
n

RSS(B) = éef(ﬁ) = ;(yl - X )’ — ming.

CYMMa KBaapaToB OCTaTKOB B MaTPMYHOM BUJE:
RSS(B) = e(B)'e(B) = (y— XB)"(y— XPB) =

=y'y -y XB-B' X'y +B X XB=y'y -2y Xp+p X XB.

Hcnons3ysa marpruunoe (B ZaHHOM Cjydae BEKTOpPHOe) nud-
(bepeHquOBaHHe, MOHO BBIUHNCJ/INTH BEKTOP II€PBBIX IIPOM3BO/-
HBIX CyMMBI KBaJPaTOB OCTATKOB IO KO3 (PUIMEeHTAM PerpecCuun:

dRSS(B) ,dRSS(B) dRSS(B), T T T
B = i, 7 dp, )=-2y X+2f X X.

Ilycts, HAIpUMED, MUHUMYM [JOCTHIaeTcs npu P = B Torma
B BTOU TOUKE IOJIKHO OBITH BBIIMOJIHEHO YCJIOBHUE IIEPBOTO IIOPAI-
Ka:

dRSSB) _ 2" X + 28" XX =0".
ap
ITocie HecnOXKHBIX NIpeoOpas3soBaHUIl 9TO YCJIOBUE IIEPBOTO
MopsAAKa MOKHO 3allicaTh B BUIE:
X'(y - XB)=0.
UIn
X'y=X"Xp.
HdaHHOE COOTHOIIEHWE OOBIYHO HAa3bIBAIOT HOPMaslbHbIM YpaBHE-
HUEM.
YcaoBue mepBOro moOpAAKa O3HAUAET, YTO OCTATKU OPTOTO-
HaJILHBI perpeccopam:
X'e=0
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uiau
ije: 0,7=1,...,m.

Bnecs e=¢(B) =y - Xp — Bexrop ocrarkos MHK.

B uacrHOCTH, ecium OOWH U3 perpeccopos (Hampumep 1-it) sB-
JIsIeTCsl BEKTOPOM, COCTOAIUM u3 eamuui (t.e. x, = 1), wiu, gpy-
TUMU CJIOBAMHU, B PerpeccCuud uMeeTcs KOHCTaHTa (Maum CBOOOI-
HBIH YJIeH) TO

n
T T
z,e=Te=>e=0.
=1

T.e. B aTOM ciayuae cyMMa OCTATKOB paBHa HyJa0. CpemnHee
OCTaTKOB TOKe OyZeT paBHO HYJIO:
n

e=> e =0.
i=1

Hasa Toro, 4ToObl yOemumTcA, UTO HOPMAJNbHBIE ypaBHEHUS
IefCTBUTEJLHO OIIPENe/SIOT MUHHMYM, HYKHO YyOeZuUTCs, UTO
MaTpHUIla BTOPBLIX ITPOM3BOAHBLIX (MaTpuiia I'ecce) MOJIOMKUTEIHLHO
mosryonipeenena. Marpuna Tecce nns RSS(P) pasua

dzRSS(B) dQ T T TT
= _ + —
iBdpT dpdp’ (y'y-2y XB+B X XB)

2" X +28"X"X)=2X"X.

_d_

= dBT (

dra mMaTpuua He 3aBUCUT OT [, Bcerza oxHa u Ta xe. Kpome

TOrO, OHA IOJIOYKUTEJbHO mojsyompenesneHa. Eciau K Tomy Ke

det(X'X) # 0, TO IOMOKHUTEIHLHO ompesesneHa. IIOCKOIBKY MaT-

puiia I'ecce Bciogy mHOJIOMKUTENBHO (IIOJIy-) OIpeaelieHa, TO YCJIO-

BuA 1-ro mopsaKa OUPeReNdoT IJI00AJBHBIA MHUHUMYM CYMMBI
KBagpaToB ocraTkoB RSS(P).

IIpexnmonmosxenue det(XTX) # 0, rapaHTHPYET eNUHCTBEHHOCTh
MUHUMYyMa. ¥ CJIOBUE det(XTX ) # 0 9KBMBAJEHTHO TOMY, YTO
maTtpuita X MMeeT MOJHBIN pPaHT II0 CTOJI0IaM

rank(X) =m,
T.e. OHO BBINIOJIHEHO TOTZA U TOJBKO TOTAA, KOTJAa KOJUYECTBO
perpeccopoB He IIPEBBINIAET KOJuuecTBa HabaomeHuii (n > m), u
perpeccopsl (cTosbmbl MaTpuilbl X) JUHEHHO He3aBUCUMEI. [laee
MBI, KaK IPaBUJIO, OyJeM CUUTATh, UTO TO NPEAIOJOKEeHUEe BhI-
IIOJTHEHO (HEeBBIPOXKIEHHBIN ciIydail).

V3 HOpPMAJBbHOTO YpPAaBHEHUS B IIPENIOJOXKEHUU HEBBIPOXK-
TEeHHOCTH MOXKeM HaWTHh BekTop KoadduumeHTto MHK:
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X'y=X'Xg =
B=(X"X) 'XTy.
Octatkn MHK paBHBI
e=y—-X B

Ecmu det(X'X) =0, To pemrenue He exmHcTBeHHOE. Ha camom
JIeJie PelieHUid B 3TOM cJaydae 0eCKOHEUHO MHOTO (KOHTUHYYM).
IATO 03HAUYAeT, UTO MMeIoIHecs HaOJIoAeHUsA He IO3BOJAI0T IIO-
ayunthb oneHku MHK omgHosHaumo. MoKHO HasBaTh 9TO HEUAEH-
TMOULMPYEMOCTLIO, TIOCKOJIBKY B 9TOM CJydYae MasKe ecau Obl HAM
OBLIM TOYHO M3BECTHHI 3HAUEHUs BeawuunH X B, Mbl He MOrau GBI
[I0 HUM BOCCTAHOBUTH BEKTOD P.

XoTrsa mpu det(XTX) =0 omenxu MHK He enmHCTBEHHBI, HO
yCJI0BHe IepBoro mopsaka X e = (0 Bce PABHO BBILIOJHEHO, U OC-
TaTKX ONHO3HAUHO OIPeAendroTcs 3STuM ycaoBueM. OcraTKu
MOJKHO BBIUHCJIHUTBL cjenyiomuMm obOpasoM. OO0begUHUM MaKCH-
MaJIbHBII JIMHEHHO He3aBUCUMBLINI HabOp perpeccopoB B MATPHUILY
X'. Torga ecntu € — ocraTku u3 perpeccun y nmo X (T.e. e =y —
XB, rme p=(XTX")'XTy), 10 €' =e.

TouHO TaKiKe BcerJa OJHO3HAYHO OIIPENENISAIOTCS pPacYeTHble
3HayeHus X B 3aBUCUMOM TepeMeHHOI Yy, KOTOphle 0003HAUAIOTCSA

Y.

y=XPp=y-e.

B HeBbIpOKIEHHOM CayUae

g=Xp=X(X"X)'X"y.

PacuerHble 3HAUEHWA {), MOYKHO PACCMATPUBATh KAK IIPOT'HO3
BesmunHbl X,B (T.e. y; 3a BbIYETOM €;), JIMOO KaK IIPOrHO3 ¥; B
Touke X;.

T
Tak kak X e=0, To
AT _
y e=0,
T.e. OCTATKY W pacueTHbLIe 3HAUEHUS OPTOTOHAJIBHBI.
ITockoabKy y =19 + e, TO
T —aTas ol
Yyy =yyree.
o ~T

HelicTBUTEIbHO, UCIIONB3YA, Yy e=0,

T _/~ T/ ~ _ ATA AT T ~ T _
yy=(y+te) (§+te)=gy+yeteytee=
_ AT T
=y ytee.
ITonyunau pasoKeHre CyMMBI KBaJpaTOB:
TSS=FESS+ RSS.
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O6maa cymma KBaapartoB (aHri. total sum of squares):
TS5 = yTy.
O0bsicHeHHas cymMMa KBaapaToB (anrji. explained sum of
squares):
ESS=4"g=y'y—e'e.
CyMMa KBaJpaTOB OCTAaTKOB (OCTaToOuHas cyMMa KBaJIpaToB,
auri. residual sum of squares):
RSS=eé'e.

Neomempuyeckass uumepnpemauyusi MHK

PaccMoTpuM eBKIMZOBO mpoctpaHcTBo E'. (3amerum, 4To ¥,
€, 1, € U Perpeccopsl SABIAITCA BeKTOpaMu AJAUHBEL n). O6Go3HAa-
yum £(X) HOAIPOCTPAHCTBO B E", HaTAHyTOE HA PETPeccopsl &,
T

sty Ume

T'eomerpuuecku 3amaua MHK coctoutr B TOM, UTOOBI HAWTU
rakoil BekTop §y u3 £(X), uTo6bl €BKIULOBO PACCTOSIHIIE MEMXIY
Y U Y ObLI0O MUHUMAJbHBIM. VIHBIMU CJIOBAMHU, MBI HUIIEM CPEIU
BCeX JIMHENHBIX KOMOMHAIMII perpeccopoB HamboJjee OJIU3KYIO K
y:

lly — yll - min
ye £(X).
9ra 3ajmaua sKBuBaJieHTHaA 3amaue MHK, mockoabKy:
(1) MuauMu3anusa paccTOSHUS 9KBUBAJIEHTHA MUHUMU3AIIUUA

KBagpara paccrosuus ||y — y|>= > (v;— 7).
i=1
(2) Yenosue gy € £(X) 9KBUBAJIEHTHO TOMY, YTO CYII[ECTBYET

BexTop BeR", Takoit uro = XP.

B TouKe MUHUMyMa OCTATKHM € = Yy — Y OPTOTOHAJNBLHBI (IIep-
meHANKyAApHbI) nogupocrpanctey £(X), U Y ecTb HPOEKIUsS Y
Ha £(X).

OGosHaumM MaTpuly npoeknuu Ha moxmnpocrpaHcTBo £(X)
yepes Py mau mpocto P. HMcmonb3ysa sTo obo3HaUeHUE, MOXKHO
3amucaTh

y = Py.

B meBbIpOKIEHHOM CayUae

P=X(X"Xx)'x".



IloxkasaTeanb BANATEIBHOCTU

Marpuny P HasbIBaIOT MHOTAA «MATPULIEN KDPbILIKM», ITOCKOJIb-
Ky OHa «J00aBJIsgeT KPBIIIKY HAI Y».

MoKHO pacCMOTpPEeTh TaKKe IIOAIPOCTPAHCTBO 2L(X), AB-
AsIoMeecsa opToroHanbHEIM gononaeruem £(X) B E'. O6ozmauum

M yx nnu npocto M MaTpumny IpoeKIuy Ha SL(X).
OcTaTKu yIOBJIETBOPSIOT COOTHOIIIEHUIO
e=My,
T.e. OHU ABJIAIOTCA TMpoeKmumeii y Ha £°(X).
B HeBBIpOXKAEHHOM ciiydae
M=I.-X(X'X)'X".
CsoiicrBa matpun P u M:
1) Marpunet P u M opgHO3Ha4YHO 3amarTcsa marpuitein X
(maxe B BoIpOkAeHHOM ciayuae rank(X) <m).
2) Marpunisl P 1 M cCUMMETPUYHBI:
P'=P, M= M.
3) Marpurnisl P 1 M uaeMIOTeHTHBI:
PP=P’=P, MM-=M*=M.
4) Marpunsl P u M «moraiaiooT» IPyr Apyra:

PM =0.
5) P+ M =1I,.
6) rank(P) + rank(M) = n.
7 PX=X, MX=0.

W3 CBOMCTB CUMMETPUYHBLIX HIAEMIIOTEHTHBIX MATPUIL CJIEmy-
IOT cJIenyIoIue ABa CBOICTBA:

8) rank(P) = tr(P) u rank(M) = tr(M) (paur u cuen marpurn P
u M paBHBI MeXKIy c000i1).

9) Bce coberBenHble umceaa matpun, P u M — wmyau aubo
eIUHUIbI, IPUYEeM eIWHUI[ POBHO CTOJbKO, KAKOB PaHI MaTpPH-

IIBI.
Iokaem CcBOHCTBO (8) B HEBBHIPOXKJEHHOM CJIydae:

tr(P)=tr(X(X'X) X =tr( X' X(X'X) ) =
= tr(Im) =m = rank(P)

tr(M) =tr(I.— P)=tr(I») — tr(P) =n—m=rank(M).

lNoka3zamenb enusmesibHocmMu

Kak usmenurcsa );,, eciu y, IBMEHUTCS Ha BeIUYUHY Ay,?
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Benomuaum, uro g = Py, T.e.
3}11 = ZPikyk: ZPikyk+ Py,
k=1 k#i

Takum obpasom,
Ay, = P, Ay;.
31ech — i-Ii AUAroHAJBHBIN SJIEMEHT IPOEKIIMOHHOM MAaTpH-
ubsl P. O6o3HaumMm ero h,.
Yucso h; HagpIBalOT MNokasatenem sauarensHoctv uam DFFITS
(amrm.???).

_ Ay
" AyS
ITokasaTenb BIAMATEILHOCTH BCET[Aa IOJOMKUTeJeH (B HEBHI-
POXKJEHHOM cJydae), IIOCKOJbKY OH sBJISETCS KBaAPaTUUHON
(POPMOH C IIOJIOKUTEJIILHO ONpeneIeHHON MaTpPUIeH:
hi=X,(X"X)'X">o0.
Marpuna (XTX )’1 IIOJIOKUTENLHO OIIpejeseHa, IOCKOIbKY SBJIA-
eTcs O0OpaTHOUN K MOJIOMKUTEJbHO OIpeaeeHHoil maTpuie X TX.
3aMeTuM, 4TO

>_h; = tr(P) = rank(P) = m.

h

Cpensasaa BesuuuHa h, paBHA
- 12 m
h= ﬁ;hi =

Ecou h,IpeBbIIaeT i B HECKOJILKO pas (Hampumep, B 4 pasa),
TO HabJIOfeHWe i MOXKHO CUMTATh BJIUATEJIbHBIM. IloKasaTesnb
BJIUSATENBHOCTH IJSA «cOAlaHCUPOBaHHOW» MaTpuilbl X IOJKeH
OBITH TAKUM, UTO h; = h Vi.

Mo:kHO TaK:Ke IOCMOTPETh, KaK BJAMSET M3MeHeHue jy, Ha KO-
3 PUuIeHTHI BJ BekTopa y u ﬁ CBA3aHbI COOTHOIIIEHUEM

B=(X"X)'XTy.
Beezem ob6osnauenue C = {c,;} = (XTX)’lXT. Torga
n

Bj = ;cijyi'

Ecnu y, nsmenuTcs Ha BenwduuHy Ay;, TO [}, HIBMEHUTCA HA Be-
JUYUHY

A

Aﬁj =c; Ay,
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TakuM 06pasoM, B KauecTBe MOKA3aTeJs BJIUATEJbHOCTH B
IAHHOM CJIydae CJeNyeT B3ATh BEJIUUUHY
_4B,
YAy’
BexTop (cyj, ..., c,,,j)T, OTPaKAIOINUN BINAHNE W3MEHEHUH B Yy
Ha KO3 PUIEeHT Bj HaseiBaioT DFBETAS,.(?77)
DFBETAS; = ((X'X) ), X".

C

Teopema o pa3bueHuu pezpeccopos

(®pui-By-Jloysnn) Teopema He mMeeT OmpeneJeHHOTO Ha-
3BaHUSA, XOTSA U SBJSETCI OUeHb Ba)KHOII B pPerpecCMOHHOM aHa-
ause. MbI BBesiu HasBaHue «TeopeMa o pasdMeHUU PETrpPeccopoB»
WCKJIOUUTEJIbHO U3 COOOpakeHu ymoOcTBa.

IIpenmono:kum, 4TO MBI Pa30dUJIM BCe Perpeccopbl Ha 2 T'pPYII-
nbl. O0BEeIVHUM pEerpeccophbl KasKAOoW I'Pynnbl B MaTpuibl: X, u
X,. Bes nmorepu obiiHOCTH, OyAEeM IpeAIoJaraTh, YTO

X=X, X,).

Jto 6s0uHOE pasdrenre MaTpPUIbl X.

Pazo6brem BexTOp Koa(ppunuenTroB MHK ma vyactu B cooTser-
CTBUHU C pasOMeHUeM Perpeccopos:

a

Hopmanbuble ypaBHEeHUSA X'x B= XTy MOJKHO IIepenucaTh B

0JIOUHOM BH/E
[ XlTX1 XlTXZ] Bl _ XlTy
XQTX1 XQTXQ (Bg) (XQT'!J),
ITonyuum cucremy:
XX, B+ XX, =Xy,
XQTX1 lg1 + XQTX262 = XzT'!J-
W3 mepBoro ypaBHEeHUA
B1 = (X1TX1)71 XlT('!J - XQBQ)‘ )
Orcoa BUAHO, YTO €CJM MBI BHIYKCIUM [3,, TO ZOBOJIBHO IIPO-
CTO BBIYUCJIUTH [31 — »ato onenku MHK B perpeccunm y — X2[32 o

B,

X,. 9TOoT pe3ynabpTaT JErKO MOHATH: €CJU (A) IaeT MUHUMYM
2
CYMMBI KBaJpaTOB OCTATKOB B IIOJIHOU perpeccuu, TO [, ZOKeH



Aunre6pa u reomerpuas MHEK

JaBaTh MUHUMYM IpU (PUKCHUPOBAHHBIX OCTAJBHBIX KO3(hPuiim-
ernrax (B, =) A
ITogcraBuM BeIpakeHwue A [§; BO BTOpoe ypaBHEHUe:
3 « z
XzTX1 (X1TX1) XlT('!J - XoB,) + XQTXQBQ = XQT'!J-
970 ypaBHEHHE MOXKHO IIpeo0pasoBaTh CJIEAYIOIUM 00pasoM:
- o Y
XzTX2B2 - XzTX1 (X1TX1) X1T {(2[52 =
= XzT'!J - XQTX1 (X1TX1)7 X1T'!J’
XQTX2B2 - X‘ZTPIXQBQ = XQT'!/ - X‘ZTPI Y,
T A T
X, M, XB,=X, My,
rge P, u M, — omneparops!l npoekiuu Ha npocrpancrsa £(X,) u
£4(X,) COOTBETCTBEHHO:
P=X,(X'Xx) X,
M=I,-P=I,X,(X,'X) X/
Haiigem orcroza BQ:
N -1
B,=(X,"M X, X,”M,y.

Teopema (0 pasbueHUU Perpeccopos).

Ecmu B = (gl) — onenku MHK B perpeccun y mo X = [X,
2
X,], To BQ — ounenku MHK B perpeccuu M,y no M,X,. Ocratku

B 00eMx perpeccusix COBIaIaioT.

Dokasamesbcmbo:
Ouenku MHK B perpeccuu M,y o M, X, paBHBL
A -1
_B.=((M.X)'(M,X,)) (M,X,)"(My) =
= (X, M/'X,) X, My=(X, M \X,) X, My,
a 9TO, KaK MBI IIOKA3aJIU BHIIIE, U €CTh Ta YacTh BEKTOPA OIIEHOK
B perpeccuu y 1mo X, KoTopas cooTBeTcTByeT X,.
Ham ocrasmoch J0OKasaTh, YTO OCTATKM B 00EMX pPerpeccusax
COBIIAAYT. BbIllIe MBI TTOKAa3aJi, YTO
A T Lo 1 N
B=(X, X)) X, (y— X.B,).
ITosTomy ocTtaTKu B perpeccuu y mo X pPaBHBI
N N o N N
e=y-X,B - X2BA2 Y- {(1(X1TX1) XlT(y: X,B,) - XoB, =
=y- Py X,B,) - X.B,= My - M, X,B,. u

Wurepnperanus:
M,y — ocraTku u3 perpeccun y no X,.

10
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(M,X,); — ocrarkm us perpeccun (X,); mo X, rzme
(M,X,); — j-it cronben, marpunsr M, X,, (X,); — j-ii cromber
marpunsl X,.

Takum 00pa3oM, MBI CTPpOUM perpeccuio y mo X, HO OepeM y
M DEerpeccopbl IPeJABAPUTENHHO <«OUUINEHHBIE» OT COCTABJIAIO-
e, gexamneit B £(X,). [pyrumMu cjaoBaMu, 37eCh MBI IPUMeHs-
em MHE K IpoeKnuaM HCXOZHBIX maHHBIX Ha £(X)).

TeopemMy 0coO€HHO YacTO IPUMEHSAIOT K CJIydYaio, KOrja mart-
puna X, SBIA€TCS BEKTOPOM, COCTOSAIIUM U3 €IUHUIL:
X, =1
Matrpunia M, B 3TOM cjiydae ecTb OIlepaTop IeHTPUPOBAHUA.
151 MpOM3BOJHLHOTO BEKTOPA z UMEeM

. 1 .
Mz=z-1,(1,"1) "1, 2=2-1,71,"2=2 - 21,= 2".

_ 1 1 .
3neck z =) 2z, =31, z — cpeiHee 3HaUeHMe IEePEMEHHOHU Z,
i

2'=2z-2z1, — IEeHTPUPOBAHHELII BEKTOD Z.

Takum obpasom, M,y — IeHTPUPOBAHHAs 3aBUCUMAasA Iepe-
meHHasa, M, X, — maTpuma cocTaBJIeHHAsA U3 I€HTPUPOBAHHBIX
perpeccopoB (BceX PerpeccopoB 3a UCKJIIOUEHWEM KOHCTAHTHI).
BBemem oGosHaueHUA

y=My n X'=MX,.
IIo Teopeme 0 pazbueHUU PErpeccopoB MMeeM
BQ _ (XETXC) IXcTyp’

910 onenku B perpeccun y mo X . Ilo Toit »xe Teopeme oc-
TaTKX B IIEHTPUPOBAHHOI perpeccuu COBIAAYT C OCTATKAMHU B
WCXOIOHOI perpeccuii. BLIBOI COCTOUT B TOM, UTO I[€HTPHUPOBaHIE
TmepeMeHHBIX He BJIUSET Ha pe3yJbTaThl OIeHWBAHUS pPerpeccuu,
€CIi B PErpeccum COAEPsKUTCS KOHCTaHTa (IOHATHO, YTO €CJH
MIPUMEHATHh [EHTPUPOBAHME, TO KOHCTAHTY MPUXOIUTCS BBIUHC-
JATH OTJEJIBHO).

IIpuMeHUM TaHHYIO TEOPEMY, UTOOBI IOJYUYUTH (POPMYJIBI AJIA
pacuera KoapdurimenTroB MHK B cayuae mpoctoii perpeccuu (IBa
perpeccopa, OJUH U3 KOTOPBIX — KOHCTAHTA):

y; = Bi+ Bor; e

B mpekHUX 0003HAUEHUSIX

X, =1, X,==.

11



Aunre6pa u reomerpuas MHEK

Onenka [}, HaXOAWTCS KAk OLEHKA B I[@HTPUPOBAHHON per-

peccum:
cT ¢

ﬁ _ (muTm(t) lch c_ T y
2 y chmc .
Kosddunment 3, moxHO HaliTu uepes [3,:
A T 1o T o _l T A
B, = (X, X)) X, ( y_X‘zB‘z)*nﬂn (y-B.x),
OTKyZIa
B, =y—2P,.

Ecnu x, y — BeKTOpa, COCTOAIIVE W3 HE3aBUCUMBIX OAMHA-
KOBO pACIIPeJIeJIEHHBIX CJIYYaWHBIX BeJIWYUH, TO HeCMeIlleHHad
OIleHKAa X KOBapHaluy BBIYUCJIAETCA IO (hopmye:

A 1 cT ¢
Cov(z, y)=5—gT vy,
OIleHKA AMCIIePCUIl 3TUX CAYUYAHHBIX BEJIUUYUH — II0 (hOpMyJam
A ]. cT ¢ ~ ]. cT ¢
Var(z)=5—7z =, Var(y)=5,—7Y ¥»
a OlleHKa Koa((puiimeHTa Koppeadnuu — 1o popmyJie

p(x, y) =Cov(z, y) /\/Vér(:r) Var(y).

Taxum o0pasoM, B 9TOM cjydyae MOKHO IlepenucaTb GopMyJIy
nas Koo PuilenTa Ipu T CAEAVIOIMUM 00pasom:

s 'y’ Cov(z, )
B,= =

'z Var(r)
anbo
. var
B= Pz, )\ et

Var(z)"

IleHTPUPYs I[lepeMeHHble, MBI «OUHUIAEM» HUX OT CPeXHero.
Ho oTu ke paccykAeHWs NIPMMEHUMEI B cJydae, KOTJA OJWH W3
PErpeccopoB ABJAETCS JUHEHAHBIM TPEH/IOM, TO €CTh IIePeMeHHOi,

KoTopas JUHEMHO MeHseTcs OT HoMepa HaOJIOJeHWsA, HalpuMmep,
nmepeMeHHOU BHUIa
1
2
3
n
A mmeHHO, ecJu B perpeccUu e€CThb KOHCTAHTA U TPEHH, TO OIeH-

ku MHK moiXKHBI COBHACTH C OIlEHKAMM, IMOJYUEHHBIMU U3 Per-
peccuu, B KOTOPOH BCe TIEPEeMEHHBIE «OUHUINEHBI» OT CPEeIHero u

12



Brruucaenue onmenok MHK u mpyrux perpecCMOHHBIX BEJTUUYUH

TpeHAa. [Jid 3TOTO YacTHOTO caydas W Oblja BIepBbie P. Ppu-
meM cOopMyJIMPOBaHA JaHHAA TeopeMa.

BbiyucneHue oyeHok MHK u dpyaux
pecpecCUOHHbIX eeJTUYUH
HemocpeacTBeHHBIN METO/I
o) T 1T
B=(X'X) X'y.
— He caMblil OBICTPBIA M mpocToii. Tpebyerca obpalaTh MaTpHU-
1y, Au00 pelraTh CUCTEMY ypPaBHEHUI

(X'X)B=X"y.
MeTon TpuaHryIapu3anun:
X'X=7'T,

rie T — BepxHss (UaU Ke HUMKHsAS) TpeyroibHas marpuna. Ta-
Koe mpeicTaBjeHNe HA3LIBAIOT DPa3/oXeHVeM XOJELKOrO WJIM TpUaH-
rynspuzauven. OHO CyIeCTBYeT IJiA JII00OH CHUMMETPUYHOM II0JIO-
JKUTEJNIbHO IIOJyOHpeAesIeHHOI MaTpPHUIbI, T.e. W IJd X'"X. He-
CJIOYKHO IIOCTPOUTH PEKYPPEHTHBIA aJropuTM AJjas pacuera T 1o
IaHHON MaTpuile X'"X. Mol ue OyzmeMm maBaTh 37ech (DOPMaJIbHOE
oIrcanmue aJiTOPUTMAa, IPUBEAEM JIUIThL KOHKPETHBIN IpuMep, 13
KOTOPOTO MOHATHO, KaK aJTrOpPUTM paboTaer.

IIpumep.
B 410 14
X=|{01 XTX_|:10 50 45]_
156 14 45 62
b tig tyg
T=| 0 ty tys |,
0 0 tsg
t121 tutiz tutis

T'T=| tut th+tn totis+ tootas |,
tutiz tiatis + taotos tlZS + t223 + t323

th=44=2,

t=10/t,, =5, ty, =[50 — ti2 =5,

tiy=14/t,, =7, 1,3 = (45 — 1}, t}3) /15, = 10/5 =2,

ty =62 55—ty =62 40— 4 =3.
257

T—|:O 5 2]_
003

13



Aunre6pa u reomerpuas MHEK

(IuaroHanbHBIE BJIEMEHTHI MATPUIlbl 1 IS OmpeneIeHHOCTH
Be3Jie BHIOMPAEM IOJIOKUTEILHBIM. )

VpaBHeHUsA [ HAXOMKIEHHUA 3 IPUMYT BHL
T'TB=X"y.
Ty cucreMy ypaBHEHHI MOXKHO pemraTs B jBa srama. CHaua-
Jla HaXOJUM BEKTOD ¢ U3 CHCTEMBbl ypPaBHEHUH
T't=X"y,
rae t=(T") ' X'y. IloToM HaxoAuM [ U8 cucTeMBI ypaBHeHMi
TP=t.
Kamnaprii pas pelraeM cHCTEeMY YpPaBHEHUINI C TPEYroJbHOM
MaTpuieil, a 3To JOBOJBHO IIPOCTO.

Ilpumep.
IIycts maTtpuma X Ta :xe. Bodpmem
1
4
y=| »
1
Torza

4
XTy: 25
11

Haiigem t us cucremsr Tt = XTy:
2t, =4
ot + 5t, =25
Tt +2t,+3t; =11.
OTkynma
t,=4/2=2,
t,=(25-52)/5=3,
t,=(11-72-2-3)/3=-3.
Tenepsb HalizeM [3 U3 CUCTEMBI T[3 =t
261+5Bz+ 763 =2

5BQ+QBB =3

3P, =-3.
OTkynma

ﬁs =-1,

B.=(3-2(-1))/5=1,

B,=(2-51-7(-1))/2=2.

14



Brruucaenue onmenok MHK u mpyrux perpecCMOHHBIX BEJTUUYUH

O6osrauum X = XT .1 IMockonbKy X moayuaercs us X Jiu-
HeWHBIM IIpeo0pasoBaHMeM, TO IIOAIPOCTPAHCTBA, HATAHYTHIe Ha
CTOJIOIIBI 9TUX MATPHI] COBIIALAIOT:

£(X)=2(X).

Kpome Toro, marpuiia X wumeer OPTOHOPMUPOBAHHBIE CTOJIO-
IbI:

X'X=(Th'XxX'Xxt'=(ThY'T'TT '=1,,.

TaxuMm o6pasom, CTOJIOIBI MATPUITLI X cocTaBasioT OpPTOHOP-
MUpPOBaHHEIN Gasuc noampocrpancrea £(X).

Kpowme Toro, ormerum, 4To

t=(T") 'X'y=X"y.
IIpakTuueckm Bce aJropuTMbl HaxoxkaeHus oieHok MHEK mo-
CTPOEHBI Ha 9TOM IIPUHITUIIE.

Ectb mpocToii cmocob moayueHnss OPTOHOPMHPOBAHHOTO 0asu-
ca TOAIIPOCTPAHCTBA, HATAHYTOTO Ha HEKOTOPYIO CHUCTEMY BEKTO-
poB — opToroHanusaumns [pama-lMuara. STOT aJTOPUTM IIOCTPOEH
TaK, YTO OJHOBPEMEHHO MBI IIOoJydaeM Koa(h(UIIMEHTHI IIpeodpa-
30BaHUA B BUJE TPEYrOJbHON MATPUIILI, a 9TO HaM U TpebyeTcs B
mpeo6pasoBanuu Xojernkoro.?2 (MaTpuila OPTOHOPMHUPYIOILIETO
npeobpasoBanusa OyaeT BepXHeW TPeyroJbHOI.)

Anroputm oproromanusanuu I'pama-IlImuagra cocrout wu3
OBYX OPOCTBHIX omepamnuii. IlepBas omepanus — HOPMHPOBAHUE.
Ilog HOPMUPOBAHHBLIM BEKTOPOM T MbI IIOHMMAEM 3IEeCh BEKTOD I
equHUYHOM MauHbL (||Z]| = 1), KOTOPBIA MOJydYaeTCs U3 & YMHOMKe-
HUEeM Ha KOHCTAHTY:

v _ T
T = ||33 .
Bropas omepamms — mosyueHme m3 BeKTOpa z BeKTopa Z,

KOTOPBIHN ObIJI OBl OPTOTOHAJEH APYTroMYy BeKTOPy — « (OpTOroHa-
ausanus). Ham Tpebyercs HaWTH YHCIO ¢, TAaKOe UTOOBLI IJA

1 Takoe mpeicTaBleHHe MAaTPHIBI NPUHATO HasbBaTh QR-pasiosxeHuem. B
IaHHOM cJIydae MaTpuUIa X HUIpaeT PoJib MaTpuIbl (), KoTOpas NOJIKHA OBITH Op-
TOroHaNbHOU, a T ! urpaer posib MaTpuibl R, Koropas Moy'KHA OBITH BepxHei
TPEYTOJIbHOM.

2 Meron oproromanusanuu I'pama-IIIMuaTa MeHee IOABEP:KeH ONMTMOKAM OK-
pyIJeHusA, 9YeM METOJi, OCHOBAHHBIN HEIOCPEICTBEHHO Ha PAaBJIOKEeHHN XOJIeIKO-
To MaTpunbl X X (mpuMep 9TOro ajxroputMa ObLI MPUBEEH BHIIIE).

15



Aunre6pa u reomerpuas MHEK

~ ~T T
BEKTOpAa Z = z — 0l BBIIOJHsIOCH 2 «=(0. U3 ypaBHeHus (y —ox)
. T T
x=0 Halizem 0.= z &/ x, OTKyJa
T
- zx
Z=z-—T7—x.
T T

IIycrs Tpebyercs OpPTOHOPMUPOBATHL HAGOD DPErpeccopoB (i,

.., ®,) — MOJYYUTH U3 HEr0 OPTOHOPMHUPOBAHHBIN HaGop (&, ...,
z,).
IlepBBIi BEeKTOP HOJYYUTH HECJIOMKHO — ITOCTATOYHO HOPMU-
poBaThL I;:
. T
T e I

PaccmoTpuM mIar peKyppeHTHOTO aJITOPUTMa OPTOTOHAIU3A-
nuu. IIycTs MBI mosyuwmsiam nepsble k— 1 BEKTOPOB: (&, ..., &, ).
Haiitem Ha OCHOBe X, OPTOrOHAJNBHBIN MM BeKTOp &), u3 £(X).
Ero Mmo:kHO mosyuyuTh ciaenqyiomum oopazom. Ob6o3HAUNM

tp=a @, (j=1,.., k1).

Torma
k-1

&=x), D _tyT;.
1
OTOT BEKTOP, KAK HECJIOKHO IIPOBEPUTDH, LEHCTBUTENBHO Op-

TOTOHAJICH IIOJIYUYE€HHBIM DaHee:
k-1

VTS v T Ty _
T, EBy=&, @y Dty =1, 1, =0.
Hanee BeKTOp &, cjiefyeT HOPMUPOBATH:
Z,
T=T=.
Il
Mo:xHO 00603HAUUTS i), = ||Z)

3anucaTh CIEAYIOUyI0 GopMyry:
R
:Bk:_z;tjk:ij (k=2,..,m).
=

Yrobsl sTa (popmysa Oblina BepHa mpu k= 1, obosHAUUM t;, =

|, mpu saTom &, = t, &, U MOIKHO

Il
Taxum ob6pasoM, MBI IIOJYUYUJIU Tpedyemoe:
X=TX,
rge T — BepxXHASA TpPeyroJbHas MATPUIlA, COCTABJIEHHAs U3 BBI-

YMCJIEHHBIX B PE3yJIbTaTe ajJrOPUTMAa YMCeN f;:

16



Brruucaenue onmenok MHK u mpyrux perpecCMOHHBIX BEJTUUYUH

tll e tlm
T= ISR
(O) tmm

_ T
Kak mbI oTmMeuanu Bele, t = X 'y, IO3TOMY
T
ti=x;y. X
Nwmes BexTop t u marpuity T, JerKo MONYYUTH OLEHKH [3:
TB=t.
OcTaTKW MOXXHO BBIYUCJIUTH IO opMye

m

e:y—Xt:y—Z;tjij,
=

T.e. KaK MOIOJHUTEJIbHbIE «IIOJIIAra» TOrO JKe aJITOPHUTMa OPTO-
rOHAIMBAINHT. S

Ilpumep.
101 3
153 18
X=l104} y= 2 |
156 13
1/2
. 1/2
tu:”wl”:\/Z:Q’ L= 1?2 ’
1/2
tu:1/2-0+1/2-5-‘1-1/2-0-‘1-1/2-5:5.
~5/2
- . 5/2
Ty=Ty @, = 75//2
5/2
—1/2
- 25 . 1/2
b=l =~ [a=5. &=| {7,
1/2

ti3= 1/2-1-‘1-1/2-3-‘1-1/2-4-‘1-1/2-6 =7,
ty= /o1 +1/93-1/p4+1/56 =2,
~3/2

~ . . -3/2
Ty = Ty~ Ly Ty — Lypy = 3/2

3/2

o T
3 MosXHO HA OCHOBE OCTATKOB BBIYHMCJIUTHL t Kak t = X e. Dra (opmysa MeHee
ToJBepsKeHAa OIINOKAaM OKPYTIJIEHUS.
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Aunre6pa u reomerpuas MHEK

~1/2

~ 9 . -1/2
L N T Y5

1/2
257
T_[o 5 2],
003

t= :ilTy = 1/2'3 + 1/2'18 + 1/2'2 + 1/2'13 =18,
ty=a,y=1/93+1/918 - 1/92+1/513=13,
ty= ‘ﬁsTy = _1/2'3 + 1/2'18 - 1/2'2 + 1/2'13 =3
e=y — ;& — tyly — t5T5.
e=3-1/218- (-1/9)13 - (-1/9)-(-3)=-1.
e,=18-1/918-1/913 - (-1/9)-(-3) = 1.
e;=2-1/218 - (-1/9)13 - 1/5(-3) = 1.
e,=13-1/518-1/513-1/5.(-3)=1.

5
Pemras ypaBHeHUus TB: t, HaXoaUM [3—( 3 }

OpmozoHanbHass Mampuuya pe2peccopos

Ilycrs maTpuiia X TakoBa, YTO PErpeccopnl IIOMAPHO OPTOrO-
HAIBHBI, T.e. JJIA JTI060II IIapel PerpeccopoB &;, T, (j#s) BBIMOJ-
HseTcs a:jTa:s =0. IIpu sTrom marpuma X X OymeT AuaroHaJbHOM:

X'X =diag(z," ,, ..., x,'z,,).

Torga

(X" X) ' = diag( . )

g lel7 v mmem ’
d —) X7

B_ lag(wlTwI’ 7:Bm.rwm) y,

T.e.
T
B _ET_?/
A T

9TO COOTHOINIEHNE IIOKAa3bIBAeT, UTO OIleHKa KoahduimeHta
pu JII000OM perpeccope He 3aBUCUT OT BEJIWUYUHBI JIIOOOTO IPYTO-
ro perpeccopa. Kpome Toro, eciau yacTh perpeccopoB OTOPOCHUTSH,
TO OIEeHKN KO((PUIIMEeHTOB IIPM OCTABIIUXCA perpeccopax He
nsMeHATcd, T.e. ecau X =[X,, X,|, u

18



OpToroHaibHas MaTPHUIA PErPECCOPOB

(8)-0 ()

[31: (XlT—Xl)ileTy (m 62:(X2TX2)71X2T'!/)-

TO

B cayuae opTOTOHAJIBHBIX PErpeccopoB MOKHO CUUTATh, UTO B
peJCTaBJIeHUuN
y=pz+...+B,xz, +te
cjaraemoe Sj:cj — 9TO Ta COCTaBJAMOIas BeKTopa Yy, KoTopas
«0bBbsACHEHA» j-M perpeccopoMm. Cumras Tak, MBI HE CTOJKHEMCS
¢ 3aTPyAHEHUSAMM, MOCKOJLKY BCe cjaraeMble 3/eCh OPTOTOHAJb-
HBI MeXKIy CcOoOOIi:
ij:L'S =0 opu j#s
COTJIACHO YCJIOBUSAM, a
ije =0
— HOpMaJbHBbIe YpaBHEHUSA, BBINOJHAMOIINECA [JS OIEHOK
MHEK.
ITosToMy B mIpOM3BEIEHUU yTy BCe TEePeKPeCcTHBLIe UJIEeHBI
IOJI’KHBI «3aHYJIUTHCSI»:
T, _A2.T A2 T T
yy=p oz z+..+p,x, ¢, +ee.
31echb
yTy — obmias cymma KBagpatos (1'SS),
Bj‘za:jTa:j — TO, UTO «0O0BSACHEHO» B 00IMeil cymMMe KBaJpa-
TOB j-M perpeccopom (ESS)),
e'e — ocraTouHas («HEOObACHEeHHAsA») CyMMa KBaIpaToB
(RSS).
Takum ob6pasoM, HOJYUUM CJEAYIOIee pasjioKeHue CYMMBI
KBaaApaTOB:

TSS =Y ESS,+ RSS.
J

Mo:xHO paccmoTperhb 6ojee obmiuit cayuaii. Ilyets X MoKHO
PasduTh Ha k MOMapHO OPTOTOHAJNBHBIX ITOAMATPUIL:
X=[X,.., X,

X'X,=0 (s#t).
Torma marpuma X D¢ OymeT 0JIOUHO-AMATOHAJILHOM:
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Aunre6pa u reomerpuas MHEK

; |:X1TX1 0 ]
X' X= " .
0 XX,
Orcroza
-1
(X"X) 1—[(X1TX1) .9 ]
o (x'x)']
1
R |:()(1T)(1)1 ' 0) :| XllTy (XlTX{) XlT'!J
0 (X/\"TX/\") 1 XkT'!/ (XkTXk) 1XkTZ'J

Taxum obpasom, Koappumuentsl MHK MoXHO paccuMTHIBATH
OTJEJbHO AJIA KaXKJI0M U3 MOAMAaTPHUIL:
B.=(Xx.'Xx,) 'Xy.
Ha »Tu omeHKM HUMKAK He BJIUSET TO, KAKOBBI APYrue IIOJ-
marpunsl X, (t#s) U IPUCYTCTBYIOT OHM B PErPECCUM WJIM HET.
ITockoabKky
Y= BlXI Tt BL"XL~+ e,
TO
'!JTy = B1TX1TX1B1 Tt BkTXkTXk Bk+ e'e.
3mech BSTXSTXS Bs — cyMMa KBaJpaToB, OOBSACHEHHAA s-U
TPYOION pPEerpeccopos.

JluHeliHble npeobpa3oeaHusi NepeMeHHbIX
pezpeccuu
Ilycte mepemenHBbIe perpeccuu ObLIM TpPeoOpasoOBaHBI CcJe-
IyIOIUM 00pasom:
g=oy+ Xa, X=XA,
rIe O — CKauxsap, a — BeKTop, A — KBajgpaTHas HEBBIPOIKIEH-
Hasg MaTpuIla.
Onenku MHEK B «nmpeoOpasoBaHHOIi» perpeccuu paBHBI
B=(X"X)'XT§=(ATX"XA) 'A"X"(0y + Xa)=
=(4) (X'X) 'X'(0y + Xa) =
(AN ((X'X) ' X"y +(X'X) ' X" Xa),
- Tl &
p=(4") (of +a).

Takum o6pasoM, JUHEHHBbIe IpeoOpPa3oBaHUA IIePEeMEHHBIX
IPUBOAAT K JUHEHHBIM IIpeoOpasoBaHUAM K03(h(UIIMEHTOB.
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JIunelinble IpeoOpPas3oBaHs IIePEMEHHBIX Perpeccuun

MosxHO BoccTaHOBUTL Kodpdurnumentsl MHK ucxommoit per-
peccuu:

PO R
B=—A(AB-a)
Marpuna mpoexnun Ha £ (X) coBmagaer ¢ Marpuuel IpOeK-
nuu Ha £°(X):
M=T-X(X"X)'X"=T-XA(A'X"XA4)'A"X"
=I-X(X'X)'X"=M.
W3 sTOTO ClIemyeT, YTO OCTATKU B «IpeoOpasoBaHHOI» perpeccuu
PaBHBI
e=Mj=Mij=0oMy+MXa=o0My=oe.
Ha ocraTku, TakuM 00pa3oM, BIUAET TOJBKO O (MHOXKHUTENIb

mpu yY), U ecam o = 1, TO OCTaTKU COBIIAAYT C OCTAaTKaMHU B HC-
XOIHOM perpeccuu.

JIluHeuiHasd perpeccus Kak
BEPOATHOCTHAA Moaesb. CBoiicTBa
OII€HOK

IIpomecc, KOTOPLIT IMOPOIKIAET JaHHBIE:

y=Xp+e.

B sT0if Momenu € — HeHaOJOmAaeMble COyUYaliHbIe BeJIUUYUHBI,
Ha3bIBaeMble OlWMVOKaMy wmym BO3MylleHusMW, y u X U3BECTHBI, a
P — BexTop HemsBecTHBIX mapamerpoB. IIpexmosaraercs, dUTo
OBLI HEKOTODPBIA BEKTOP WCTVHHbLIX NapaMeTpoB [3, T.e. TaHHBIe OLLIUN
[OPOYKIEHBI YKA3aHHBIM IIPOIECCOM mpu B = [§, u Tpebyercsa Ka-
KMM-TO 00pa3oM OIIEHUTH HTOT BEKTOP HA OCHOBAHUU MMEIOITUX-
ca maHHBIX (y 1 X).

IIpu sToM menarTcA Kakue-TO IIPEAIIOJOKEHUs O TOM, KaKoe
pacmpeneseHre MMEOT OIMMOKM € W MaTpuiia perpeccopoB X.
WNmeltoTcss nBe Pa3HOBUAHOCTH BEPOSATHOCTHBIX MOejeil perpec-
cuu:

1) perpeccopsl — AeTepMUHUPOBAHHBIE BEJINUYUHLI (He CJIY-
yaHbIE);
2) perpeccopbl — cJIyuaiiHble BeJMUYMWHBI (IO KpaliHeill mepe

YacTh U3 HUX).
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JIuueiiHas perpeccusi Kak BepPOATHOCTHAs Mojaeab. CBolicTBa
OIIEHOK

B manbHelilmreM MBI OyZeM II0 YMOJUYAHUIO IPEAIIoJaraTh, UTO
nMeeM JeJI0 CO CAYyUYaMHBLIMU perpeccopaMy W CIel[rajbHO OroBa-
puBaThb, Korga Oymem IIpeAIoJaraTh AeTePMUHHPOBAHHOCTDL Per-
peccopos.

06 ommbKax IIpeAIoJiaraloT IPaKTUYECKH Bceria, 4UTO OHU
UMeIOT HyJeBoe MaT. OKHUIaHue:

E(e) =0.
(3mech M B HaJbHEUINIEM MaT. OKHIAHUSI OEpPyTCsS B IPEAIIOJIO-
KeHUH P = B.)

Kpome Toro, wacTo mpeamoJiaraioT, UTO E(seT) = o°I,. Tlo-
cxomsry E(g) =0, 1o E(ee') ecTs KOBapHAIMOHHAS MATDPUIIA OIIH-
0OOK, T.e.

E(ee') = Var(e).

Ipennonoxenue Var(e) = o’ osHauaeT, BO-MEPBBIX, YTO

OMINOKM pPasHBIX HAOJJIIOJeHN HeKOPPEeJIUPOBAHBI MEXXAY cObOii:
Cov(e, &,) =0 (i) #1iy)

IIpy BLIDOMHEHUM 3TOTO YCJIOBUSA T'OBOPSAT, UTO OTCYTCTBYET aBTO-

Koppensauuns ownbok.

Bo-Bropeix, Var(e) = 6°I osHawaeT, YTO AMCIEDPCHM OIMUOOK

IJIsT BCceX HaOJIOMeHUN OMMHAKOBBI:

Var(g,) =o® Vi.
Eciu sT0 ycioBMe BBIIOJHEHO, TO TOBOPAT, YTO OIIMOKA FOMOCKEe-
[acT/4Ha, a ecJu He BBITIOJHEHO, TO TOBOPAT, UTO OMIMOKA [ETEepo-
cKenacTuyHa.

Kak mpaBmjio, IpW OIEHWBAHUUN PErPecCur WCTUHHASA BeJIU-
yMHA AMchepcun owmnbku 62, (KOTOpPYIO, IO aHAJIOTMU C MCTHHHON
BEJIMYNHON K03(PPUITMEeHTOB 0003HAUUM 62) Heus3BeCTHa, TO eCTh
o’ ABIfeTcAs HEUW3BECTHLIM IIapaMeTpPOM, KOTODBIH TpeOyercs
OLIEHUTH HApAARY ¢ koadduiuentamu .

IIpomenypa OIl€eHUBAHUSA, KOTOPYI0 MbI MKCIIOJL3yeM, HacT
BEKTOP OLIEHOK [3 IIpomenypy (cmoco0) oIlleHUBaHUSA, Kak
MIPaBMUJIO, MOXXHO MHPEICTABUTh KAK (PYHKI[UIO B(y, X), xoropas
MMOKA3LIBAET, KAK 10 MMEMOIMUMCS SAHHBIM IIOJYYUTh OIEHKH.
Takyo (GyHKIWIO Has3bIBAlOT OleHuBaTteneM. (AHTI. estimator —
OIleHUBATEJb B OTJIHUYMNE OT estimate — omeHKa. K cokaneHuio B
PYCCKOA3BIYHOI JIMTEpPAType BMECTO OIleHWBATeJNsd TOBOPAT 00
omeukax. MbI B JaJbHeEHIIeM TOKe OyIeM II0JIb30BaThCA TEPMMU-
HOM «OIIEHKH», €CJIM 9TO He NPUBOAUT K MNyTAHHUIE.) 3aMeTHUM,
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JIunelinble IpeoOpPas3oBaHs IIePEMEHHBIX Perpeccuun

YTO OIeHWBATENb NOJKEH OBITh OIpedesieH IJisd MaTPUIl C pPas-
JUYHBIM KOJHUYECTBOM CTOJIOIIOB, YTO COOTBETCTBYEeT pPasHOMY
KOJIMUECTBY MMEIOIUXCSA HAOJII0MeHu n.

OmeHKM HaWMEHBIINX KBaJpaToB, KAK MblI BUIEJIU B IIPEIbI-
IyInel riiaBe, 3aJarTcsa POopMyJIoi

Bu(y, X)=(X"X)'X"y.
Ectbs u apyrue cmoco0Obl oneHuBaHuA. Ho B majbHEHIIIeM MBI CO-
cpemorounm BHuMaHue Ha MHK, xax camom ymoOHOM criocobe
OIleHUBAHUS, O0JIANAOIUM, K TOMY iK€ PAIOM <«XOPOIIHUX»
CBOICTB.

3aMeTuM, UTO BEKTOP OIIEHOK [3 OJIy4aloT Ha OCHOBE CJIY-
YaWHBIX JAHHBIX, IIOATOMY 9TO CJAyUYalHas BeJIUYMHA.

Yero mbl XoTUM OT OolleHOK? Jlo/izKHA OBITH HEKOTOpAas IieJie-
Bad pyHKIUA.

O6ErYHO paceMaTpuBaioT dyHkumio noteps L(B,p) — xaxme mo-
TEPU MBI HECEM, €CJIU MOJYYNIN OLEHKY [ Ipu MCTHHHOM 3HaUe-
HHUM IIapaMeTpoB B Xoresoch ObI HAMTH TaKON OIleHUBATENb ﬁ(,
), YTOOBI OH MUHHMU3UPOBAJ OXKUJAaeMble IIOTEPH, T.e.

E(L(B(y. X), B)) - miny..

3amMeTrbTe, UTO 9TO ONTUMUIAIUS MO QYHKIIMHU, TaK KakK oIle-
HUBAaTeJIb — (PYHKINUA JAHHBIX.

Camoii pacImpoCTpaHEHHON M IIPOCTOIl ABJISETCA KBaapaTuU4Has
bYHKLNA NoTepb:

LBB=B-P' QBB
rme (Q — HeKOoTopas CUMMETPUUYHAS ITOJOMKUTEJIbHO OIIpemeseH-
Has MaTpuiia. 9TO OPOCTO 0000IeHNe eBKJIUI0BA PaCCTOSHUS
mexxy P u B.
(Pasmoxxenue B pan Teinopa + cCHMMETPUYHOCTD)

OxugaeMble IIOTEPHM IIPU KBAAPATHUYHON (QYHKIUM IIOTEPH
HaA3bIBAIOT CPEAHEKBAAPaTUYECKON OlMOKOW (MM CpeIHMM KBampa-
TOM OIIUOKM; 34eCh CJIOBO «CPENHHUI» HCIOJNL3YEeTCSA B CMEBICJE
«OYKUTAEMBIN» ):

MSEQ(B)=E((B-B)'Q (B-B)).

OmubKy OLeHWBAHUS MOYKHO IIPEACTAaBUTh KaK CYMMY ABYX

KOMIIOHEHT:

B-B=[B-EMI+EPB) B

B,IIeCI: IIepBO€ cj1araemMoe nmMeeT HyJieBOe MaT. OKHUIaHHue:

E(B-E(B) -o.
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JIuueiiHas perpeccusi Kak BepPOATHOCTHasA Moaenb. CBoiicTBa
OIIEHOK

Bropoe ciaraemMoe Ha3BIBAIOT CMELIEHWEM WM CHCTEMAaTHUUe-
CKOIl OIITMOKOI: .
Bias(B) = E(B) - B.
ITockonbry cMeljeHne — ]_IeTepMI/IHI/IpOBaHHaH BeJII/I‘{I/IHa, TO
E[(B-EB)'Q (EP) ]—E[B EB)’ Q(E -B)
=0'Q (E(B) - B):ﬂ).
Orcioma ciaenyeT, UYTO CPeIHEKBAJPATHUYECKYIO OIIHOKY TOXKe
MOJKHO IPeICTaBUTh KaK CYMMY ABYX KOMIIOHEHT:

MSEQ(SZ: A o1 A
~E((B-E(B)+ [E®) B)'Q (B E(B) + [E ® B) -
=E((B-EB)'Q (B- E(B))) (EPB)-P)'QEP) -B).

Y106HO mepemnucaTh CPeJHEKBAAPAaTHUYECKYIO OIINOKY B CJie-
IYIOIleM BHIE:

MSEQ(A)
(v((B-E(B)"Q (B- E<ﬁ>>]>+ Bias(B)TQBias@:
—tr[E( B-EB)(B-E(B Q]+Blas B QBias(p) =
=tr [Var([S) Q] + Blas(B) Q Bias(B).

IIpu BBIBOZE 5TOU (POPMYJIBI MBI MCIIOJB30BAINA CTAHIAPTHBIN
IIpreM, OCHOBAHHBIN HA IBYX IPOCTHIX (haKTax:

(¢) Cnen ckalsgpHON BEJUUYMHLI €CTh CaMa 3Ta CKaJispHas Be-
JIMYMHA.

(¢) Cinenm mpousBeleHUs MATPUIl He MeHsSeTCcs IIPU IIepecTa-
HOBKE€ MaTDPHUIL:

tr(AB)=tr(BA).

IlepBoe m3 ciylaraeMbIX [TAaHHOTO DA3JIOXKEHUS COOTBETCTBYET
KOBAPUAIMOHHOM MATPUIlE OIEHOK (Var(ﬁ)) U CIYXKHT MepOoi
«pasbpoca» OIleHOK. BTopoe m3 cJyiaraeMbIX COOTBETCTBYET CMe-
IIEHUIO OIIEHOK.

K coxaseHuio, HeBO3MOXKHO HANPAMYI MUHUMH3UDPOBATH
MSE (unm sio0ble Apyrue OKHAAaeMble IIOTEPH). OTa BeJUYNHA
3aBUCHUT OT HEMWB3BECTHHIX XapaKTePUCTUK paclpefeseHUd JaH-
HBIX, B TOM YHCJ€ OT HEU3BECTHBLIX WMCTHUHHBLIX I[IapaMeTpOB B
dra mpobJsiemMa MOKeT OBITH pelreHa B paMKax 0allecoBCKOro Moaxo-
[Ja K oueHuBaHni0. COrJIACHO 3TOMY HOAXOLY, mapamerpsl [ sB-
JSAIOTCS CAy4YaWHON BeJIWYMHOM, O paclpefesleHUM KOTOPOM HaM
MOKeT OBITh UTO-TO M3BECTHO (APYTMMU CJIOBaMHU, Y HAC UMEETCS
TaKk HasbIBaeMas anpuopHas uHdopmauuvs). Torma MOoKHO paccum-
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CsoiictBa orneHok MHK B KOHeUHBIX BBIOOPKAX

TaTh CpeJHEeKBaAPATUUYECKYI0 OIMUOKY YCJIOBHYIO TO TOI MHQOP-
MAaluu, KOTopasa y Hac uMeeTcA. XOTA 9TOT MOAXOM UIAeHHO IIPHU-
BJIeKaTeJeH, HO OH 0oJiee CJIOKEeH, UeM TPaauIlMOHHAS CTATUCTH-
YyecKas Teopud, U MBI He OyaeM MM 3aHuUMAarThbcsa. [ocTraTouyHOo
CKasaTh, YTO B paMKaX 0aiieCcoOBCKOrO IIOAXOJA IIPU OIpeIeJseH-
HBIX mpenmnoJiokeHuAx oneHku MHK aBisioTcsa onTuMaIbHBIMUA
C TOUKHU 3PEHUA KBAAPATUUHOU (PYHKIIUU IIOTEDD.

B TpamumumoHHON CTATHCTHUKE MCIIOJB3YIOT HE CTOJb YTUJIU-
TapHBIA moaxon. OOLIYHO HMPOCTO TPeOYyIOT, UTOOBI OIEHKH 00Ja-
IaJau HEKOTOPBIMU «XOPOIINMM» CBOMCTBAMI.

Ceolicmea oueHok MHK e KoHe4YHbIXx e bi6OpPKax

OOHUM M3 «XOPOIIMX» CBOMCTB OIIEHOK SBJISETCS HECMELLEH-
HocTb. CoOrJIacHO OIpefeIeHuI0, OIEeHKA SABIAETCA HECMELEHHON,
Korza

Bias(B) =0,

Q

E(B) =B

Teopema.
Ecin E(g|X) = 0, To onenku MHK sBisiorcs HecMeIljeHHBI-
MH.

Bawmeuanue.
Ecau marpuna X merepMuHMUpPOBaHHAA, TO
EgX)=0 < E(e) =0,
MO3TOMY B 9TOM CJIy4ae B YCJIOBUSIX TEOPEMBI MOCTATOUYHO OBIIO
O0bl moTpeboBaTh, YTOOLI OE3yCJIOBHOE MAaT. OXKUIaHHE OIINOOK
OBLIIO HYJIEBBIM:
E(e) =0.

IIpepnonosxenue E(gX) =0, MOKHO YCIOBHO Ha3BaThb «OPTO-
TOHAJBHOCTh MEJKIy perpeccopamMm U OMIMOKaMu». ITO OPTOTO-
HAJbHOCTDH B JOBOJBHHO CUJIHLHOM CMBICJIE:

E(¢/X) = 0 BBIIOJIHEHO TOrJAa ¥ TOJBKO TOTLA, KOIJA BHI-
mosnHeHo E(F(X)g) = 0 gna ma060#f MaTpUYHON (QYHKIHUT
F(X): R™ - R'(mogxogsameit pasmepuocrn) ????.
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JIuueiiHas perpeccusi Kak BepPOATHOCTHAs Mojaeab. CBolicTBa
OIIEHOK

T.e. maHHOe yCJIOBIE SKBUBAJEHTHO TOMY, UTO OLINOKMK B Be-
POSTHOCTHOM CMBbICJI€ OPTOTOHAJBbHBI JII000M (GDYHKIIUU Perpecco-
poB.

YcaoBue E(g)X) =0 MOKXHO pasyoKUTh Ha JBE YACTH:

(1) E(e) =0 (mat. oxxkupanue omnGKU PABHO HYJIO);

(2) E(g/X) = E(¢) (ycmoBrHoe mo X mar. oxujanme OmInbKu
paBHO 6e3yCJIOBHOMY).

Bropoe cBoiicTBO ecTh HEUTO cpemHee MeEXKIY He3aBUCHMO-
CThbI0O U HeKoppeaumpoBaHHOcThIO (M3 HezaBucumocTu € m X cie-
Iyer cBoiicTBO (2), a u3 cBoiicTBa (2) ciegyeT HeKOpPpeInpPOBaH-
HOCTh € U X). IIpuTOoM 9TO acuMMeTPUUYHAS «HE3aBUCUMOCTL» —
MaT. oXKuJaHue € He 3aBuUCUT OT X, HO He Ha00OpOT.

DokazameunbcmbBo:

ITokaxkem mpeskme Bcero, uto onenku MHEK ﬁ SABJIAIOTCA He-
CMEIeHHbIMU YCJIOBHO IIO X.
E(BIX)=E((X"X) X'y|X)=(X"X) X'E(y|X)=
=(X'X)'X'"E(XB+¢X)=B+(X"X) X'E(gX)=p.
Ilo upaBmay mommoro mar. oxupanus E(B) = E(E(B|X)), mo-
ATOMY

o

E(B)=E(B) = B. n

3ameTuM, UTO HecMeIlleHHasd OIleHKa He BceTJa caMas XOopo-
mas ¢ TOYKU 3PEHUs OKUIAeMbIX IMOoTepb. Hampumep, ecam uc-
MOJIbL30BaTh KBAAPATHUUHYI0 (QYHKIIMIO ITOTEePhb, TO Ba)KHA TaKiKe
auciepcusd. B craTucTUKe He CTOJbh PEIKH CJaydyaum, Korjga He-
CMeIlleHHAas OIeHKa HMEeT CJMUIIKOM OOJBIIYI0 OHCIEPCHuio, U
IMO3TOMY MCIIOJIb30BATH €€ HeXKeJIaTeJlbHO.

Ecnu morpeboBaTh BBIIOJHEHWE JOCTATOUHO CHJBHBIX YCJO-
BUI, B TOM 4YHCJI€ PACCMATPUBATL TOJBKO OIEHKHU U3 OIpPeHeJieH-
HOrO KJacca, TO OIeHMBaTelb, MuHMMusupywommin MSEQ, me
OymeT 3aBUCETh OT HEM3BECTHBHIX mapaMeTpoB. OKasbIBaeTcs, YTO
OIlEHMBATE/Ib HAMMEHBIINX KBAIPATOB ABJIAETCH ONTUMAJILHBEIM B
KJiacce JIMHEHbIX HECMELLIEHHbIX OLEHOK (B aHTJIOA3BIYHON JIUTEPAaTy-
pe nJys o0o3HAUEHHS STOT'0 CBOMCTBA MCIIOJB3YIOT a00peBHATYPY
BLUE — best linear unbiased estimator). IlockonsKy paccmar-
PHUBAOTCS HECMeIeHHBbIe OLIEHKHU, TO CjaraeMoe B PasjIoKeHUH
MSE @, orHocsIieecsi K CMEIIEHHWIO, PABHO HYJIO M OCTaeTCs
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CsoiictBa orneHok MHK B KOHeUHBIX BBIOOPKAX

TOJILKO cJlaraeMoe, OTHocdAlleeca K aucnepcuu. To, UTO OIEHKU
MHK mMeoT HaMMEHbIITYI0 AUCTePCUIo (TaKue OIMeHKUW Ha3bIBAIoT
3 dEKTMBHLIML) B KJjacce JMHEHWHBIX HECMEIeHHBIX OLeHOK, JK-
BUBaJIEHTHO TOMY, UYTO OHM KMEIOT MUHHMAJbHYIO BEJIUUYUHY
MSE @ cpenu nmuHEeAHBIX HECMEIEHHBLIX OL€HOK.

Teopema (Taycca-Maprosa).

IIycts
(a) maTpuiia perpeccopoB X meTepMHHUPOBAaHA,
(6) E(e) =0,

(8) E(ee”) =G°I.
Torma omenxu MHK B= (XTX) 1XTy VMEIT HANMEHBIIIYIO
OUCIIEPCHUIO B KJacce JIMHEMHEBIX 10 Y HeCMEINeHHBIX OIeHOK.

Bawmeuanue.

OmnpeneeHHbIEe TPYAHOCTH BO3HUKAIOT C T€M, B KaKOM CMBbIC-
Je MOYKHO MOHUMATH AUCIEPCUI0 BEKTOPHOM! CJIyUYalHON BEJIUYN-
HBI. Begb aHajoromM Auclepcuy B JAHHOM cJydae SBJSETCA KO-
BapuanuonHas Marpuma Var(p).

Ilyctse A m B — [Be IIOJOXKUTEJIbHO IIOJYOIIpele/ieHHbIe
marpuiibl. Kakas n3 Hux 6oJibiiie? Bo3MoKHOe ompejesieHHe CO-
crouT B ciaenymoomiem: A> B, ecium CyYIIeCTBYET IIOJOMKUTEIbHO
omnpegenennaa marpuna ¥, rakaa uto A= B+ %¥; A > B, ecan
CYIIIECTBYET IIOJIOXKUTEJBbHO MHOJIyoupenenaeHHas marpuiia W, ta-
Kag utro A = B+ ¥. Koneuno, 9ToT crocob majgexko He BCerjga Io-
3BOJIAET CPABHUTH JBe IIPOMBBOJIBHBLIE IIOJIOYKUTEJIHHO II0JIYOIIpe-
IeJieHHbIe MaTpuIllbl. Ho B mamHOU Teopeme Tpebyemas MaTpHUIla
¥ cyIiecTByeT, U IOSTOMY CPpaBHEHME BO3MOIKHO.

Hpyroii BapmaHT 3aKJOUYaeTCd B TOM, UTOOBI paccMaTpUBATh
He [OUCIepPCHUI0 BEeKTOpa, a AUCIEPCHUI0 JHUHEHHOW KOMOMHAINU
2JIEMEHTOB JTOTO BeKTopa. IIpu 9TOM IoJiyuyaeM cCJeAyIoIlliee OIl-
penesieHue:

Hucnepcrusa BEeKTOPHOUN CaydYaiiHO BeJIWYUHBI a 0OJIBIE, UeM
JUcCIIepcusa BEKTOPHOM CJIydYalHO BeJWUYUWHBLI b TOTAa W TOJBKO
Torga, xorga Var(y'a) > Var(y'b) mpu 11060M HeHyJIE€BOM BEKTODE
Y.

MosKHO Tak:Ke cJiefOoBaTh IIPUBEIEHHOM BHIIIE JIOTUKE, U HC-
XOAUTh M3 CpeJHeKBaapaTUuecKoii ommOxu. MbI MOMKeM pac-
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JIuueiiHas perpeccusi Kak BepPOATHOCTHAs Mojaeab. CBolicTBa
OIIEHOK

CMOTPETh 0000IlleHre AUCIIEPCUM, KOTOPOE YiKe SBJIAETCS CKa-
JSPHOUN BEJIMUYNHOMN:
)N . ST A .
Var,(B) =E((B-E(B)) @ (B-E(B))),
rge (Q — HeKOTOpas CUMMeTPUUYHAas MMOJOMKUTEJIbHO OIpeleJieH-
Has matpuna. Kax MbI BUJeau BBIIIIE,

A A

Var,(B) = r[Var(B) QJ.

(MBI MCIIONIB30BAJIM 37€Ch, UTO IJA HECMEI[eHHON OIleHKU

A A

MSE o(B) = Var,(B))

TaxuMm o6pasoM, MbI MOXKEM IOKAas3bIBATHL OJHO U3 TPEX COOT-
HOIIIEHU:

(1) Var(B) = Var(Bu:x) + ¥, e ¥ — IOJOKHUTETHHO MOJIYOII-
penesieHHAs MaTPUILA;

(2) Var(y'B) = Var(y Buu);

a160

(3) Vary(B) > Var,(Bus),
rae B — mpomsBoNbHAS JMHeiHAS HeCMEIEHHAs OIEHKA K03(-
durnuenToB perpeccun, P — OIEHKA, MONyYEHHAR METOIOM

HaMMeHBIINX KBaApPaToB.
OxasbIiBaeTcs, Bce 9T TPU HHTEpPIpeTanuu TeopeMbl ['aycca-
MapKoBa sKBUBaJE€HTHBI.

DokazameavcmbBo:
JIuHeliHbIN O y OlleHHBATENb AOJKeH uMmers Bug Cy, rae C
= C(X) — marpuna pasMepHOCTHI0 mxn. MaT. oKuUmaHue OIEeH-

ku Cy paBHO
E(Cy)= CE(XB+¢g))= CXB+E(e)= CXB.
KoBapuamuonsasa MaTpuila OIeHOK pPaBHA
Var(Cy) =E([Cy - E(Cy)][Cy - E(Cy)]") =
- E(C[y -XBlly -XB]'C").
ITockoausry y — X B =§g, TO
Var(Cy)=E(Cee'C")= CE(ee")C"= C(6’I)C"=5*CC".
B cayuae onerox MHK C = (X'X) 'X", mostomy
Var(Bu) =% (X' X) 'XT(X'X) ' X" =c2(X"X) .
HecMmeIeHHOCTD OLEHOK O3HAYAaeT
CXp=8.
Ham Tpebyercs, 4TOOBI OlleHMBATENb OBLI HECMEIIIEeHHBIM IIPU

JI000M BEKTOPe MCTUHHBIX OLIEHOK P, a 9TO MOXKeT OBITH TOJIBKO
eciu CX=1.
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CsoiictBa orneHok MHK B KOHeUHBIX BBIOOPKAX

0O6o3HaUM
D=C-(X'Xx)'x".
Bamerum, uro DX=CX - (X'X)'X'X=I-1=0.
Hucnepcuio omernok C'y s mpousBoJibHON maTtpuiibl C, Ta-
KuM 00pasoM, MOYKHO IIepenuncaTh B BUIE
Var(Cy)=6°CC"=¢* (D+(X'X) ' X")(D+(X'X)'X")"=
=6(X'X) '+’ DX(X'X) '+6*(X'X) 'X'D"+&°DD" =
=Var(Buu) + 6’ DD".
ITockonbry MaTpuIiia 6’DD' ABRsieTCS IOJOMKUTEIHHO moJry-
oInpeneeHHOM, TO
Var(Cy) > Var(Bu)-
PaccmoTpuM JMHEHHYI0 KOMOWHAIIMIO OIEHOK C BEKTOPOM
K03(ppunueHTos Y.
Var(y' Cy) =7y'Var(Cy)y=7Var(Bux) y+ 6’y DD'y=
=Var(y' Bu) = 6”lly' DII™
Orcioma cienyert, 4TO
Var(y' Cy) = Var(y Bus).
Ham ocrasoch IOKa3aTh COOTHOIIEHME
Vary(Cy) > Var o(Busx)-
ITockoabKy
Varg(B) = tr[Var(B) Q] ,
TO
Vary(Cy) =tr[Var(Cy) Q] = tr[(Var(Bux) + 6°DD') Q] =
= tr[Var(Bux) Q] + 6> [ DD" Q] = Varo(Busx) + 6° tr[ D' QD].
Ilonpaysick TeM, UTO IO MPEANOJOMKEHNI0 () — IOJO0KUTEb-
HO oIIpejesiIieHHasdA CUMMEeTPpHUYHadA MaTpuliia, HEeCJIOMKHO IIOKa3aThb,

qTo
G’ tr[D'QD] > 0. ]

KOI‘IL& IIOJIB3YIOTCA METOAOM HAMMEHBIINMX KBaJApaTOoB, TO B

KauecTBe OIeHKU MMCIePCUH OIMUOKKU OOBIYHO 0epyT BEeJIUUUHY
RSS
2

n—-m-

S

ITa OIleHKa [IHUCIEPCUHN ONIINOKU SABJAETCA HECMEIeHHON B
IIPEeJIIOJIOMKEeHN, uTO Marpuna X aerepMuHHpPOoBaHa. Ilokamem
oT0. MaremaTuuecKkoe OMKHUIAaHHWE CYMMBI KBaIpPaToB OCTATKOB
paBHO

E(RSS)=E(e'e)=E((Me)"(Me))=E(e'Me) =
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JIuueiiHas perpeccusi Kak BepPOATHOCTHAs Mojaeab. CBolicTBa
OIIEHOK

=E(tr(e"Me)) =E(tr(ee" M )) = tr(E(ee' M)) =
c*tr(I,M)=c*tr(M)=3"(n—m).

E()-EES8) o

n—m

Orcroza

HoxaswiBass Teopemy I'aycca-MapkoBa, MBI BBIBEJIM, UTO KO-
BapuanuonHas Martpumna kxoapdunuenTor MHK B mpeamososke-
HUMU, 4TO MaTpuna X AeTepMUHUPOBAHA, paBHA

. oy T 1
Var(Bux) =0°(X X) .
IlomcTaBUB BMeCTO HEM3BECTHOH [AMCIEPCUH ee OIEeHKY S,
MOJIyYUM OIeHKY MaTpuusl Var(Bysxx):
A e oTon 1
Var(Busx) = s3(X X) .
OueBUIHO, UTO 3Ta OLlEHKA SBJIAETCS HECMEIeHHO.

Acumnmomu4eckue ceolicmea oueHok MHK:
cocmosimesibHOCMmb

Mzsr paccmorpenu Bbillie cBoiicTBa oreHOK MHK B KoHeuHbix
Bbibopkax. IIpeAcTaBIsg0T MHTEPEC TaKyKe aCUMNTOTUYECKME CBOMCTBA
OIIeHOK, T.€. CBOMCTBA, MPOSABJSIONINECS IPU CTPEMJIEHUU KOJIU-
yecTBa HAOJIONEeHUN K 0eCKOHEUYHOCTU. BasKHeHMIINM acCUMITOTH-
YECKUM CBOMCTBOM SIBJIAETCSI COCTOSTESIbHOCTb. OIleHKa IIapamer-
POB HA3BLIBAETCSA COCTOSTEJIbHOI, €CJM OHA CTPEeMHUTHhCS B CTATHU-
CTUYECKOM CMBICJIe K MCTUHHOMY 3HAUEHMIO IIapaMeTpOoB II0 Mepe
TOTO, KAaK pacTeT KOJMWYECTBO WMEWINUXCA HaOaoomgeHuii n.
OOBIUHOE OIIpefe/ieHre COCTOSTEeNLHOCTH ONMPAeTCA Ha CXOIU-
MOCTBH IO BEepPOSTHOCTH, T.e. OIEHKA [AS(") ABJIAETCH COCTOSTENb-
HOH, eciu

plim, . B’ =B,
YTO IO OIpPEeAeJIeHUWI0 BEPOATHOCTHOTO IIpefiejia O3HauaeT, UYTO
IJIsI JII000M TOJIOMKHUTEJIbHON KOHCTAHTEI €
lim,... Prob(||B" - Bl|<e) = 1.

Wnes cocTOATENILHOCTH 3aKJIOUYAETCS B TOM, YTO MBI MOXKEM
MMOTEHIINAJbHO BBISICHUTH, KAKUM OBLILJI MCTUHHBIN BEKTOP ﬁ, ecau
OymeM HaxkamauBaTh maHHbIe. COCTOATEIHLHOCTH — OCHOBHOE Tpe-
OoBaHME K CTATHUCTUYECKUM OIleHKaM. BooOilie roBopsi, OIIEHKY,
KOoTopasA He SBJAeTCS COCTOSATeJNbHOUN, OOBIYHO HEe HAa3bIBAIOT
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OIleHKOIi. BmosiHe DOIyCTHMBIM CUMTAETCS MCIIOJIb30BATH CMe-
IeHHble WU Hes(pHeKTUBHBIE OIeHKM, HO He MPUHSITO HCIIOJb-
30BaTh HECOCTOSATEJIbHBIE OIEHKU.

Crnenyer, ONHAKO, OTOBOPUTHCS, UTO COCTOATEJIBHOCTH — BTO
TEOpeTUYEeCKOe CBOIicTBO. VcciemoBaTesb pacIoJjiaraeT TOJbKO
KOHKPETHLIM KOHEUHLIM HAOOpPOM MAaHHBIX. EMy MaJio mOMOTraer
TOT (paKkT, UTO, HOCKOJBKY WCIIOJNb3YyeMbIA MM CIIOCO0 OIleHHBa-
HUS COCTOSATEJIEH, TO, €CJIA Obl OH MMeJ 0eCKOHEYHO MHOI'O IaH-
HBIX, TO OH OBI TOUHO 3HAJ HMCTHUHHBLIE mapaMmeTpbl. C 3Toi TOUKU
3peHus MOAXO0[, OepyIiuil 3a OCHOBY (BPYHKIIUIO TIOTEPh, KaKeTCa
0oJiee IPABUJILHBIM.

IIpu paccmoTpeHMM ACHMMITOTHYECKHX CBOMCTB TOHKUMA MO-
MEHT COCTOUT B TOM, KaKMM o0pasoM m00aBJISIOTCS HOBBLIE Ha-
OsofeHnsA K mMemolneiica BbIOOpKe. EcTh 1Ba OCHOBHBIX cmocoba:

(1) Marpuia perpeccopoB moBTopsercs. IlycTs MBI paccmar-
puBaem perpeccuto ¢ n=7n u X = X. Torna mpu n = 27 MATPHIA
perpeccopoB IOJIJKHA OBITH PaBHA

(271): X

(2) 3agaHo mpaBUJIO, B COOTBETCTBUU C KOTOPHIM ITOPOKIAIOT-
ca perpeccopsl. Eciu j-iI perpeccop AeTepMUHUPOBAHHLBIM, TO €T0
OOBIYHO MOKHO 3aJaTh KaK (PYHKIIMIO HOMepa HaOJIoAeHusd, T.e.

z,;=f ](Z) .
TunuuyHbI pUMep 3/leCh — JWHEWHBIN TPEHA, KOT/a T, = I.

Perpeccop mMo:keT OBITH TaKiKe BLIOOPKOM HEKOTOPOM cJIydaii-
HOII BeJIWYHWHBI (C He M3MEHAMIIMMCSI OT HOMepa HabOJIeHUA
pacmpesesieHuem), T.e. T;; — He3aBUCHMbIEe ONMHAKOBO pacIlpefe-
JIEHHBIE CJIyYalHbIe BeJIMUYUHBI.

MosxkHO paccMaTpuBaTh 0oJiee CJIOKHBIE ITOPOYKIAOIINE IIPO-
Iecchl, HAIIPpUMeP, aBTOPErPECCUOHHBIN IIPOIIECC:

T =Wt pr; &,
rae &, — HesaBHUCHMBbIE OJUHAKOBO pacIpelesieHHbIe CAydailHbIe
BeJINYMHBI ¢ HyJIeBbIM MaT. oskuganuem (& ~ 11D(0,6%)).

Eciu perpeccopbl He He3aBHUCHMBI MMy CO00Ii WM He SAB-
JSIOTCA He3aBUCUMBIMHU [JIsI PAa3HBIX HAOJIONEeHWH, TO HYXKHO
paccMaTpuBaTh, BOOOIe TOBOPSA, COBMECTHOE pacIlpeeseHue.

Hoxakem, 4TO IIpu HEKOTOPHIX ycaoBuax omnenku MHK as-
JSIOTCA COCTOATENbHBIMU. MBI HMCIIONB3YyeM IIPU AOKa3aTeJIbCTBE
cJIeNyIoONIye IIPaBuJja OIepaluil ¢ BEPOATHOCTHBIMY IpPeaeIaMu;:
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(¢) Ecorr mpegesst plim, . A" u plim,..B" cymectsyror, To
plim,... (A" + B") =plim,..A" + plim,_..B".

(¢) Ecotr mpegesst plim,.A" u plim,..B" cymectsyror, To
plim, .. (A(")B(")) = plimn_mA(n) plimn_mB(n).

(¢) Ecan plim,..A" = A" cymecrsyer, u det(A™) # 0, To
plim,((4") ") = (A7) .

Teopema (cocTosirenbroCTh oneHoxk MHE).

ITycTh CYIIECTBYIOT HIpPEHEeIhI

1 n n . 1 n n
plim, _,.. [EX( Tx' )] =S =m plim,, .. [HX( Te! )],

npuyeM
(a) det(S)#0,

1 n n
(6) plim,_..[; X Tgl )] =0

me*
Torza plim, .. ﬁiﬁq)K = B

Sawmeuarue:

YcmoBue (a) — 9TO yCJI0BUE ACUMIITOTUYECKON HIEHTUDUITU-
pyemoctu. YciaoBue (6) — 5TO yCJIOBHE aCHUMIITOTHYECKOH OPTO-
TOHAJILHOCTH PErpeccopoB U OIMUOKU.

Dokasamesbcmbo:

(Ms1 GyneM onmycKaTh MHIOEKC N [IJIs YIPOINEHNs 3aIIVCH. )

TockonbKy Pus=p+ (X' X) 'X'e, o

X . 1 1
plimBusc= B+ plim[(; X' X) ' (- Xe)] =

e 1 o1
=B+ phm[(ﬁXTX) ] plim EXTE)]=
. 1 1
= B+ plimf X" X] 'plim[>>X "¢] =
=B+S'0,=8. m
Teopema TpedOyeT HEKOTOPBIX KOMMEHTAPHEB.

1
OTKyza B yCJIOBUU TeOPeMbl MHOMKHUTEND ;,?

Eciu marpuiia perpeccopoB JeTepMUHUPOBAHHAS U IOJydYa-
eTcs IIOBTOPEHWeM HEeKOTOPO# MCXOMZHOUM MaTpuibl X, T.e.
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x| Lk

X
TO

]- n n x7 x7
lim,.[-X""X")= X"X.

(B mamHOM ciayuyae BepOSTHOCTHBIA TIpEJesl eCThb IIPOCTO
OOBIYHBIN IIpefe.)

Ecnu maTpuiia perpeccopoB COCTOUT W3 HE3aBUCHUMBIX OJMHA-
KOBO PacCIIpeJieIeHHBIX CTPOK, TO

, 1
plim, .- X" X" =E(X," X))
— 9TO 3aKOH 60JII>I_HI/IX quceJ OJisdi BEKTOPHBIX CJIy‘Iaf/'IHI)IX BeJIN-

yuH (OH BBIIIOJHEH, €CJU BEePHBI HEKOTOPhIE YCJIOBUS PEryJsapHO-
cTH).

. ]- n n
Paccmorpum Takike ycaosue plim, . [EX( e )] = 0,,. Ecam

(
MaTpHIa [X(”),e")] (MaTpHIla PerpeccopoB, AOIOIHEHHAS BEKTO-
poM oOImInOOK) COCTOMT M3 HE3aBUCUMBIX OJMHAKOBO pacipeje-
JIEHHBIX CTPOK, TO II0 3aKOHY OOJIBIIINX YHCEJI

. | Y ) T
plim,...[; X e | =E(X,g).
Eciu MBI mpepmosaraemM, Kak OOBIYHO, YTO OIMMOKMN MMEIOT
uyneBoe mar. oxuganue (E(g) =0), To E(X,"e,) ecrs KoBapuamus
X, u ¢. Takum ob6pasomM, B paccMmaTpuBaeMoM ciiydae (Habamome-

HUS HEe3aBUCHUMBI U OAVHAKOBO pacIpeieseHbl) yeaoBue plim, . [ﬁ

()T () _
X e ] = (,, PKBUBAJIEHTHO HEKODPPEJUPOBAHHOCTU DPErpeccopoB

¥ OIIIMNOKU.
IIpuBeseM mpuMephbl BHIPOMKICHHOCTH Ipeesa

1 n n
§=plim, ...[- X" x"],

B CJIydYae Yero MMeeT MEeCTO aCUMITOTHUYECKas HEeUJeHTUDUILY-
pyemocts, u onieiku MHK HecocTosiTeIBHEI.
MosKHO pacCMOTPETh JBa TUIHUYHBIX CJIydas.
1) «3aryxaromuii» perpeccop. B meTepMUHUPOBAHHOM CJIyUae
9TO, HAIIPUMeED, 3aTyXarlnasd dKCIIOHEHTA:
_ aPi
r;=e"" (B>0).
CayuaiiHBII perpeccop TOKe MOXKET «3aTyXaTh»; HallpuMep,
_ a-Pi
xi,j_éie B >0)’

33
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rae depes & 06o3HAUEHBI HE3aBUCHMBbIE OAMHAKOBO DAaCIIpeesieH-
HbI€ CJIyYalHble BeJINUYNHBIL.

«3aTyxaHue» perpeccopa 03HavaeT, UTO ACHMIITOTUYECKU OH
HEOTJIMYUM OT BEKTOpa, cocTodAmiero ud Hyaei. Ho ecam ogun us
perpeccopos — HYJIEBOII BEKTOpP, TO MaTPHUIlA PErPecCOPOB MMeeT
HemoJHBIA paHr. TakuMmM 00pasoM, €cJM pPerpeccop «3aTyxXaer»,
TO C POCTOM KOJIMUYECTBA HAOJIOJeHUII MATpPHUIlA PEerpeccopoB B
oIpeZeJIeHHOM CMBLICJIE Bce Oojiee IMpubJM:KaeTcsa K MaTpUIle He-
TMOJTHOTO PaHTA.

2) IlonmHasa KOppPeIMpPOBAHHOCTL perpeccopoB. IIycTh omATH
MaATPUILA PErpeccopoB COCTOUT U3 HE3aBUCUMbBIX OJHUHAKOBO pac-
npenesieHHBIX CcTPOK. Torma, Kak yske roBopwioch, S =E(X Z.TXi).
Ecam cpexu perpeccopoB ecTh mapa perpeccopos (j u k), Takux
uTOo

E(‘TijTIik) =E(z,?) = E(zy?),
TO j- ¥ k- CTPOKM MaTpuisl S OyAyT COBIAZATH MEXAY CODOIi,
¥, CJIeJOBATeJIbHO, MaTpuIla S OyAeT BLEIPOMKIECHHOM.

Ha camom gesie mjs Toro, uTobbl S ObLIa BBIPOMKIEHHOM, mOC-
TaToyHo, uTo68I COV(Z,;, 7;) =1 Mam —1 u cpeau OCTATBHBIX per-
peccopoB ObLIa KOHCTAHTA.

WsnoxxenHasi TeopeMa HCIOJIb3YEeT CJIAUIIKOM KeCTKHE YCJIO-

. 1 7 T
Busi. Ecteb cayuam, Korgma mpemen plim, . [EX( b'e 1)] He CyIIecT-

Byer, a omeHku MHK cocroarenbunl. Ha camom gene B 3TOM
cayuae omeHku MHK wMoryt OBITH CBEPXCOCTOSTEILHBIMH, TO
€CTh TAaKUMU, YTO CKOPOCTh CXOAMMOCTU K HCTHHHBIM IIapaMer-
paM y HUX IpeBbIIIaeT oOLIUHYIO (0ojee popMasibHOE oIIpejeJie-
HUE CBEPXCOCTOATEJbLHOCTU OymeT mamo Huxke???).

ViooMsaHeM [Ba XapaKTePHBIX CJIydas.

Eciu onus U3 perpeccopoB — JIMHEHHBINH TPeHS (r,;=1i), TO

1 + 1nn+1l) ntl
nTi T~y 2 T T
ScHO, UTO B BTOM cCiy4yae jj-H AMAroHaJLHBIM 3JE€MEHT Mart-

1 1
punpel ;X X JOJKEH CTPEMUTHCA K OECKOHEYHOCTH C POCTOM n.

Hpyroii xapakTepHBIA cJyyail — 9TO CJy4Yaill, KOTAa OOUH U3
perpeccopoB IIpeAcTaBJsieT cO00M cayuaiiHoe Oay:KIaHUe:
Ty=iq; T &i’

rae & ~IID(0,67).
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B sToMm cayuae
E[%a:ij%ij | z,] =z, + no’.
(Bepem ycioBHOEe MaT. OMKHIAaHUE, ITOCKOJbKY 0€e3yCJIOBHOTO
3ech mpocro He cyigecTByer.) IloaTomy
plimf- 2, 2] = c.

IToHATHO, YTO €CaM B PErpecCum eCTh TAaKOro poja perpecco-
PBI, TO MOHMOJNHUTEJNbHBIC HaOJMIOJeHUsA TalOT MHOTO HOBOU WH-
opmanuu 0 Koa(p(pUIIMEeHTaX HPH 3TUX Perpeccopax — B B3TOM
npuuymHa cBepxcocroATeabHocT. (C APYroi CTOPOHBI, HAJIUUUE
PerpeccopoB TaKOIro POAa MOJKET ObITh OITACHBIM, IOCKOJIBKY B

9TOM CcJiyuae MOYKHO CTOJIKHYThCS C IIPO0JIeMOil JIOMKHOI perpec-
cuu. Cm.??7?)

Mo2KHO pacCMOTPeTh TaKyKe AaCHUMITOTHYECKHe CBOlcTBa

OLIEHKH AUCIEPCUU OIIMNOKM
2= RSS

n—m-

Teopema (COCTOATETHHOCTD OLEHKH 7).

ITycTh BBIMOJHEHBI CJIELYIOIME YCIOBUS

4 OmMOKM HEe3aBUCHMBLI M OJWHAKOBO pAaCIpeesieHbl, IPHU-
gem E[g] =0, E[g?=0";

4 ﬁ — cocTosiTeJibHAs OI[eHKa MCTUHHOI'O BEKTOpa ImapaMer-
pos B;

4 CYIIECTBYIOT IIpPeesbl

1 1
plim [;X'X]=8 =  plim [;X'g|=s.

1 o
Torga plim [,; RSS]=0c".

3aweuarua:

1 . .
1) Iockonery plim[,; RSS] = 6%, To plim

1
npejene MHOMKUTEIU ,, U

= RSS] =0 (8

o HEOTJINUUYUMBbI). SHAUYUT, U3 HaH-

HOIl TeopeMbI CJeLyeT COCTOATEIbHOCTh S° = RSS kak oreH-

n—-m

KU IUCIIEPCHUMH.
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2) B Teopeme He ucmojbadyercs TO, uTo f — omenxu MHK.
Ona BepHa 114 JIIOOOTO COCTOATEJIBHOTO BEKTOPA OIeHOK.
Dokaszameascmbo:

Bripasum OCTaTKM Yepe3 omgxl61gn CIe/IyoTuM obpaszom
e=y-XPB=y-XB+X(B-P)=e+ X(B-P)-

Orcroza

plim[RTSS] = plim[%eTe] = plim[%sTs] + plim[(%XTe)T( B-P)] +
+ plim[(§ - B) (= X"e)] + plim[(B - B) (=X X) (B B)] =

= plim[%sTs] + plim[%XTa]Tplim[ﬁ — ]+ plim[p - B]Tplim[%XTs] +

+ plim[f - B]"plim X" X] plim{f— B] =

1 1
= plim[€'e] +s'0+0"s+0"S0=plim[¢'g].

3mech MBI BOCIOJIB30BAJIUCH TEM, UTO, MOCKOJBKY [ — co-
cTOATEIbHAA OIleHKA, TO
plim[B - B] = 0.

Menee GopMayibHO 9TO MOMKHO HOKasaTh Tak. Ilockoabky [
npubnmxaercs K ¢ pocToM KosnduecTBa HaOIIOAEHUN, TO €=y —
XP upubamxaerca k €= y — XP. (B KaKOM-TO CMEBICIE, OCTATKU

I
— CcoCTOATeNbHBIE OIEHKM ommubok.) CrenoBaTenbHO, € € IMpH-

1
OoJMm)KaeTca K ﬁeTe.

ITockombKy OIMMOKM HE3aBUCHMBI, TO X KBaJapaThl TOXKe He-
3aBuCcHUMBbI. Kpome Toro, Mar. OKHIaHNE KBaIpaTOB OMIINOOK
paBHo o°. TakuM 06pasoM, IO 3aKOHY GOJBIINX UYHCE]

1 12 o
plim[e'e] = plim[;>_&7] = 6°
=1

RSS

Tem cambIM, ZOKasaHo, 4To plim[—,—]= o°.

Eciu maTpuiia perpeccopoB JeTepMHUHUPOBaHA, TO, KaK MbI
TIIOKa3aJIiu BBIIIIE,
Var(B)=6*(X"X) .
B o01ieM ciaydae 9TO paBeHCTBO BBIIIOJHEHO TOJHKO YCJIOBHO
mo X:
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CsoiicTBa pyurmuii ot Koapdpumuearos MHK

Var(f| X)=6%(X"X) .
BsaB maTemMaTHuecKue OXKUIAAHNS OT 00erX YacTell, MOJyUnM
Var(B) =E(Var(B| X)) = ’E((X"X) ).
Benunuuny
Var(B) = (X' X) "
IPYU BBITIOJTHEHUU DPANA MPEIIOJOKEeHNN MOMKHO HCIIOJIb30BaTh B
KaudecTBe OIEHKU Var(ﬁ) B clydae CIAyYalHON MaTpHUILl perpec-
COpPOB, TaK KakK OHa OyAeT COCTOATEIbHOMN OLEHKOI.
IIycTh, HampuMep, CTPOKY MATPUIBI PETPECCOPOB HE3aBUCHU-
MBI ¥ OMHAKOBO pacmpegesetbl. [0 3aK0HY GOJMBIITUX YHCEJT

1 1
plim-X"X]=E(X,'X,) =7 E(X'X).
Kpome Toro, Kak TOJIBKO UTO JOKasaHo, plim[s’] = 62 Iloatomy
plim[nVar(B)] = plim[&*n(X' X) ] =
1 oo, 1 o
= plim[s?] plim[>X"X] ' = *(E(X'X)) ' =nc*(E(X' X)) .

.............

Ceolicmea ¢pyHkyut om koagppuyuenmos MHK

k
IIycts Ham TpebyeTcA MOJYYUTH OLEHKU IlapamMeTpoB YeR',
KOTOpPBIEe ABJAIOTCA PyHKIIMAMUN UCXOAHBIX KO9(P(PUIIMEeHTOB:

v=g(B)-

EcTecTBEHHO MCIOJIB30BATH OIEHKU CcJIenymriImnero Buaa.:

¥=9()-

Eciu g(-) — HenpepbIBHAsT QYHKLIUS, TO, IOCKOJBKY [3 — co-
CTOATENbHBIE OIeHKU ﬁ, T0 mo Teopeme CIymKOro ¥ IOJKHBI
OBbITH COCTOATENbHBIMYU OLLEHKAMY BEJIUYUHBL Y= g(f&).

Byayr au 5Tu OLeHKH HecMeIleHHbIMu? B o0imem ciydae
mer. OgHako ecnu QyHKUuMs g(-) JuHEeNHA, TO (IPU CTAHZAPTHBIX
NPEITIONOMKEHNAX) Y HECMEIeHHO OIeHUBAeT Y.

IIpoBemem HedopMaIbHBIN BBIBOJA OIEHKM MAaTPHUIILI KOBAa-
puanuii oumenoxk Y. Ilycrs GyHKmus g¢(-) uUMeeT HeIPEPLIBHYIO
npousBogHyo. Torma MOMKHO pasjioKUTH ee B pan Teiysopa B OK-
PECTHOCTH TOUYKHU B

o(B) - a(B) + “LEHB - B)=1+ G(B) (B )

nJin
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o

T-¥=G@B) BB,

_99(B)
G(p) =45
— wmarpuna fdxobu gas GpyHxmum g(-).
Orcroma MOMKHO IPUOIMIKEHHO 3aliCcaTh
Var(y) = G (B) Var(B) G (B)".
Ecan ¢pyuxnus g(-) auHelHA, TO PABEHCTBO 3[€Ch TOYHOE.

rae

A

Eciu B BMecro marpuipl Var(B) moacraBum ee COCTOATENb-
HYI0 OLIEHKY, TO IIOJIyUYUM COCTOATEIBHYIO OLEHKY MAaTPHUI(bI
Var(¥). Haupuwmep, ecau B3ATb

Var() = s(X'X) ',
TO UMeeM
Var(y) =’ () (X'X) ‘G (B)"

B uacrHOM ciyuae JuHeHHON QyHKIUU g(-)...

Acumnmomu4eckue ceolicmea oueHok MHK:
cxodumMocmb 8 cpedHeKksadpamu4eCKkomMm

MBI paccMOTpEeNN COCTOATENBHOCTh B CMBICJIE CXOAMUMOCTHU II0
BepoATHOCTU. ToOUHOCTHL OIEHOK (a  cJemgoBaTeNbHO, WU
CXOAVMOCTb) MOKHO PpACCMATPUBATH TAKMKE C TOUKH BPEHUS
GYyHKIUM 0KuIaeMbIX MOTepb. CXOAUMOCTH II0 BEPOATHOCTU TO-
JKe MOYKHO paccMaTpUBaTh C TOUYKU 3peHus (QYHKIUHN OXKuaae-
MBIX ITOTEPb.

IIycts

L) _{0, e [|B— B <A
1, ecom B Bl>A

Torza E(L(B, B)) = 1 — Prob(|p - B|<A). CocroaremprocTs
OLEHKH [ 03HAUAET, UTO OKHUZAEMBIE HOTEPH CTPEMATCH K HYIIO
(E(L(B, B)) — 0), KaKyIo GBI rPAHAIY A MbI He B3AIHM B (QYHKIUI
IOTepPb.

Bouiee unTepecHa, OMHAKO, KBaApaTuuyHad (YHKIUA IIOTEPH

LB, B)=(B-P'Q B-B)-

MsI xO0TUM, YTOOBI OKHJaeMble ITOTEPU CTPEMUJINCH K HYJIIO C

POCTOM KOJIMUEeCTBa wuMewInuxcsa HaOaomgeuunii. OKasbiBaeTcs,
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Acumnroruueckue csoricTBa orneHok MHEK: cxogumocTs B
CpeIHEeKBaApaTUIECKOM

9TO SKBUBAJIEHTHO COCTOSATEJBHOCTH B CMbLICIE CpPeSHEeKBaapa-
TUYHON CXOJMMOCTH, T.€.

A o

MSEq(B) >0 e BB,

re CUMBOJ —> 0003HAYaeT CXOAMMOCTL B CpPeIHEKBaapaTUde-
CKOM.

Xora MBI He MOXKeM (KaK O0BbACHSJIOCH BBINIE) MUHUMU3UPO-
BaTh CpEeJHEeKBAJApaTHUUECKYI0 OmInOKy He o0Jagas anpUOpPHOU
uHbpopMaImeil, HO MPU OIPeAeSIeHHbIX YCIOBUAX CPeIHEKBaapa-
Tuueckasda omwuOka omeHok MHK crpemuTcs K HYJI0O ¢ pocTOM
KOJHYecTBa HAOJIIOLEHUN.

N3 cxommmMocCTy B CpeIHEKBAAPATUYECKOM CJIEAYET CXOTUMO-
CTU IO BEPOSATHOCTH, IIO3TOMY .

MSE,B) -0 = plim B=p.

Teopema (cocTosrenprocTh omeHok MHK B cmbicie cpenne-
KBaApaTUUYECKON CXOTUMOCTH).

ycrs Ay, ..., A,, — coGcTBeHHBIe Yneaa Marpunsl X' X.
IIycts

(a) marpuna perpeccopos X neTepMUHKPOBAHA,

) E(e) =0,

(8) E(ee’) =o°I.

Torma

MSE (Busx) — 0
[IJisi TIPOMBBOJILHOI IIOJIOJKUTEJNHHO OIpEeNeJeHHON MaTpuubl @
(moxxonsaiiell pasMepHOCTH) BBIIIOJHEHO TOTZAa U TOJBKO TOT[A,
Korza
A = o V3.

DokazamesrscmBo:

Eciu ycimoBus TeopemMbl BepHBI, To onleHKu MHK HecwmereH-
HBIE U

MSE o(Busx) = tr[Var(Busx) Q]
YcmoBusa TeopeMbl TaKiKe TapaHTHUPYIOT, UTO
Var(Bus) = o*(X'X) '
(cm. Teopemy T'aycca-Mapkoga).
ITosTomy
MSE ¢(Bus) = o* tr{( X" X) ' Q).
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JIuueiiHas perpeccusi Kak BepPOATHOCTHAs Mojaeab. CBolicTBa
OIIEHOK

ITockombky wMaTpuiia X'X mnonoskuresHo ompeneieHa, TO
CYIIleCTBYeT CcJeAyiolllee ee IpeacTaBjeHue (Tak HasbIBaeMoe
CIEKTPaJIbHOE PA3JIOKeHUe):

X'X=H'AH,
rme H — oproroHanbHasa MaTpuila (cocTaBjeHHAas W3 COOCTBEH-
HBIX BEKTOPOB MAaTPHUI[bI XTX), A=diag(A,, ..., \,).

C moMOIIBIO STOTO pPa3jIoKeHUs JeTrKO HaWTu oOpaTHYIO MaT-

pumy:
(X'X)'=H'A'H.

Taxum obpasom,

MSE o(Bus) = 0° tr[( X' X) ' Q] =¢’ tr(H'A 'H Q) =

= Ctu(HQH'A')=c" tr(AA ).

3necb MBI Bocmoib3oBasnuch mpasuiom tr(BC) = tr(CB) u
oGosuaunin A= HQH'.

ITyers a;; — j-# quaroHanbHBIN snemeHT MaTpunbl A. Bee aj
MOJIOMKUTENbHEI. OTO MOXKHO IIOKAa3aTh CJAEAVIOIM[IM 00pasom:

a;=e"Ae’=e"HQH e'= h;'Q h;>0.

3necs h;' — j-a crpora marpunsl H. ITociennee HepaBeHCT-
BO CJeIyeT H3 TOro, 4ro () — IIOJIOKUTEJBLHO OIIpelesieHHasd
matpuina u h;jz0.

Mpbl monyumau cjenyiolliee IpeACTaBJIeHUE CpPeIHeKBaapaTu-

YeCKOIi OIInOKM:
ay a

MSE g(B) = 0% (AN ') = 0(FH+ .+ G).
1 m
ITockonpKy mMarpuiia X'X — [ON0XKHUTENBHO omnpejeJieHHad,

TO BCe 7\.]- moJioskuTesbHBI. OTcioma ciegyeT OOKa3bIBaeMoOe YT-
BepIKIeHUTe:

CpenHekBagpaTHuecKasa OMINOKA CTPEMUTHCA K HYJIIO TOTga U
TOJILKO TOTZA, KOrJa KaskJoe M3 COOCTBEHHBIX YMCEJ MAaTPUILLI
X'x HeOTPaHWYEHHO BO3pacTaer. |

Eciu marpuita perpeccopoB AeTePMUHHPOBAHHAA U IIOJIyYa-
eTCsI IIOBTOPEHUEM HEKOTOPOH MCXOLHOM MATPHUIBI X, T.e.

X
X(]\”ﬁ) Y k

TO
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CrencTBusA HOPMAJIBHOCTU OMINOOK

(kn) _ 7.4 (1)
AT =N o
Orcroza caexyer, uro MSE ,( im) —0 mpu k—> oo

Cnedcmeusi HopmasibHOCmMu owub0okK

HopmanbHOCTL OmIMOOK MBI OyAZeM paccMaTPUBATHL TOJBKO B
ciaydae, Korma mMaTpuiia perpeccopoB X gerepmuHHpoBaHa. Tax-
JKe OyaeM ImpeamojaraTh, 4YTO OMIMOKK MMEIOT HYyJieBOe Mar.
osunanme E(g) = 0 u uro E(ee') = 6°I. ([l;ia KpaTKOCTH, KOTAA
OymeM TOBOPUTHL O HOPMAJBHOCTH, OyAeM IIOoapasyMeBaTh, UTO
9TU ABA YCJOBUSA TOYKE BBITIOJHEHHI.)

TaxuMm 00paszoM, IIPEAIOJIOMKUM JOIOJHUTEIBHO, UTO OIINOKU
HMeIOT HOpMaJibHOe pacipenesenue (rayccoBckue omubku). Ilpu
E(e) =0 u E(ee") = 6°I, ommbru Hexoppemuposans: (Var(e) = 6°I),
U, TeM caMbIM, He3aBucuMbl. (ITo cBoiicTBaM HOPMAJIBLHOTO pac-
mpenesieHns, ecJu HOPMAaJIbHO pacipelejieHHble BEeJIWYUHBLI He-
KOPPeJINpPOBaHBI, TO OHM HesaBucuMmsbl.) Karknas omwmbka mmeer
HyJeBOoe MaT. OKUJaHUe U JUCIePCHIo G-

MpbI MOXKeM 3alucaTbh KPpaTKO, UTO

g, ~NID(0, 6%)
— T.e. OINMOKY HEe3aBUCHMBI 1 MMEIOT OJHO M TO K€ HOpMAaJIbHOe
pacrpegenenue ¢ napamerpamu 0 u 6°.

BekTop € mMeeT MHOroOMepHOE HOPMAaJIbLHOE paclipefesieHue C
napamerpamu 0 u ¢°I:

e~ N0, 6°T,).

IInoTHOCT, MHOTOMEPHOTO HOPMAJBHOTO pACIPEeAeeHUs C
napamerpamu a (mar. oxkmmanuwe) u A (MaTpuuma KoBapuaiiwii)
nuMeeT BUL:

n 1 1
-5 5 5(z-a) Az
pla) = (2m) ¥ | 47 £,
ITo aroit (opmyse Haxomum, mojcTaBiass a =0, u A =¢°1,
YTO IJIOTHOCTBH PacCIpelieIeHNus OIMMOOK paBHA

pe(x) = (210%) 3 e
IIpepnonoxenue E(saT) = 6°] uyacTo Ha3BIBAIOT CHEPUYHOCTHIO
omubokK. IlefiCTBUTENIBHO, TOUKM, B KOTOPBIX IJIOTHOCTL OAWHA-
KoBa, cocraBiasiorT chepy B R, sasaBaeMyi0 ypaBHEHHEM T & =
l|lz|> = const. Eciu 651 KoBapHanmmoHHAA Marpuia omu6ox E(ee')
He Obl7Ia AMATOHAJBHOM, JIUOO Ke ObLiIa AUaroHaJbHOM, HO C Pas-

T
=
25T %
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JIuueiiHas perpeccusi Kak BepPOATHOCTHAs Mojaeab. CBolicTBa
OIIEHOK

HBIMU JHAroHaJbHBIMHU 3dJIEMEeHTaMMH, TO pacCMaTpHBaeMble TOUKH
COCTaBJANN OBI yiKe He n-MepHy chepy, a n-MepPHBIHA 3JIJIUIICO-
um.

B mpepmososkeHuu HopMaidbHOcTH oleHka MHK saBasercsa
OLIEHKOW MakcuMasbHOro npaeaonoaobus (MMM).

®yHKUMA NpaBaonoaobus — aTo s HEeTPePBIBHBLIX pacipemesie-
HUU ILJIOTHOCTh BEPOSITHOCTH. 3aBHCUMAas IepeMeHHas pacipene-
JeHa Kak

y~N(Xﬁ, OO-ZIn)'

31ech MBI BOCHOJIB30BAJIUCH CJIEAYIOIIUM CBOMCTBOM HOP-

MAaJILHOT'O PaclpemeeHns:
Ecitz z~AMNa, A), 10 b+ Bz~N(b+ Ba, BAB").

(9tuM  cBoiicTBOM MBI OyAeM  YacTO IIOJIb30BaThCA B
IaJbHeNIIeM. )

Takum oOpasom, (PYHKIUA OPABAOIONOOMSA s JHHENHOM’
perpeccuu paBHaA

L(B. ) = (270") * expl5cy ~ X B)"(y - XB)).

VnobHee MCIOIBL30BATEH JOrapudMHUUECKYI0 (PYHKIMIO IIpaB-
IOIIOLO0Ms:

(B, &%) =~ n(20?) 55 RSS(B),

rae RSS(B)=(y - XB)" (y - XP)
Haiinem omenkm MMII u3 ycaoBU#l mepBOTO IOPALKA, IIPU-
PaBHSAB I'PAAUEHT HYJIO:

A _ 1 dRSS@)_ 1. ore
OB 262 B GQ('!J XB) X=0,
d/ nl 1
PR
Orcroza HAXOoUM
BMMH = (XTX)&XT'!J,
a 1 A RSS
G =7, RSS(Bum) ==,
Ouenxa MMII koapdunuentos B coBuagaer ¢ ornenkoit MHK.
Omnenka aucHepcum ABJISETCA CMeIeHHOi. [[eficTBUTENIbHO, IO-
CKOJIbKY, KaK MbI Bujesu paubime, E(RSS) =6 (n—m),

TO
n—m
n

E(6%ym) = 0°
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CrencTBusA HOPMAJIBHOCTU OMINOOK

Kax w#3BeCcTHO M3 CTATHUCTHUUYECKOI Teopuu, oieHxum MMII
(Tpu ompeneseHHBIX YCJIOBUAX) SABJISIOTCA acMMNTOTUYECKM 3ddek-
TuBHbIMU. Taxum obpasom, oneHku MHK B mpenmosiosxeHMUN HOP-
MaJIbHOCTHU OINMOOK SABJIAIOTCA ACUMITOTHUECKUN 3(DMEKTUBHBIMU
(MMeIT HAMMEHBIIYI0 ACHUMIITOTUYECKYIO IUCIIEPCUI0 CPeau Co-
CTOATEJIbHBIX OIIEHOK).

Haiinem, ncxona m3 HOPMAJbHOCTH, pacIipeieseHUs pPas3jaind-
HBIX BejqnumnH, oTHocamuxcd K MHK. Bripasum uepes BeKTOp
omuGOK € BeNMUHHEL B, § U e

B=B+(X"X)'XTe,
§=XB+X(X'X)'X"e= XB+ Pk,
e=(I,-X(X'X)'X"e=Me.

HanomuuMm, uro ecau

z~MNa, A),

TO
b+ Bz ~N(b+ Ba, BAB').
Iockonsky €~ MN(0,, 6°I,), To
B~ NP, (XTX) )
(yamrsiBas, uro (X'X) 'X'I, X(X'X)'=(X'X) ),
§~N(XP, 6°P)
(yuursiBas, 4To PP"= P),
e~N(0,,6*M)
(yuursiBas, uro M M T= M).
3amMeTHM, UTO BEKTOPBI §J U € HeKOPPEJUPOBAHBI:
E((5 - XB)e') =E(Pe(Me)") =
= PE(ee') M =6°PM =c*0=0.
IIOCKONBKY ¢ M € UMEIT HOPMAJIbHOE paclipemeseHue, TO § U
e HegaBHCHMbL, TOYHO TAKIKe HEBABUCHMEI I €.
HMeeT MecTO TakyKe CIeQyIOlllee CBOMCTBO HOPMAJBHOTO pac-
TIpeeIeHU :
Ecim =z ~ N0, I), u A — cumMMerpuyHas HAEMIOTEHTHAST
MaTpHUIa, TO
z" Az~ (k)
— BeJuunHA ' AT pacIpefeseHa KaK XM-KBaJpaT C k CTEIeHIMI
cBoboxsl, rae k=rank(A4) (=tr(A)).
ITockomsxky P u M — cuMMeTpUYHLIE MAEMIIOTEHTHBIE MAaT-
PHUIIBI, UMEIOIEe PAHTH M U N — 1M COOTBETCTBEHHO, TO
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JluHeliHbIe OTPAHUYEHUA W IPOBEPKA T'UIIOTE3 B Perpeccuu

IIoCKONBKY ¢ M e He3aBHCHUMBLI, TO OTH [JBE BEIUUYMHBI TOXKE
He3aBUCUMEBI.

JIluHeHbIEe OTPAHNUYEHUS M MMPOBEpKa
TUIIOTE3 B perpeccuu

OueHku MHK npu nuHeUHbIX o2paHU4YeHUsIX

IIpenmososkum, 4TO MBI HIfeM TOIbKO Takue oienxu MHEK B,
KOTOpbIE€ YAOBJIETBOPSIOT CHCTEME JMHEMHBIX OrPaHUYEHUI, KO-
TOpBIE MOXKHO 3aIlCaTh B MATPUUYHOM BHUE:

RB=r,
rge R — wmarpuna kxm (k<m), umMmeroias MOJHBIA DaHr, r —
BEKTOP-CTOJIOeL JJINHOKI k.

MunnMu3npoBaThs CyMMy KBanpaToB ocrtatkoB RSS(B) = (y —
XB)'(y -~ XP) mpu DaHHBIX OrpaHMUEHMAX MOMKHO HCIOIb3YS
Teopemy JlarpaH:xka. JlarpaH:KuaH 3TOH 3aJaum paBeH

T T
LB, =(y-XB) (y- XB)+A (RB-7),
rge A — BEeKTOp MHOXKuTeJeli Jlarpasika.
B 2" X +2B" X" X +A'R,
IIpupaBHAB SJAHHYIO MPOU3BOIHYIO HYJIIO, HOJYUNM
4 B 1 - A1 ~
Be=(X"X) ' X"y 5(X"X) R'A=B-5(X"X) 'RA,

ITIoCKOJIILKY OIleHKU BR IOJIYKHBI YAOBJIETBOPATH OTPAHUYEHU-

sIM, TO

r=Rp.= RP —%R(XTX) 'R"A.
Bripasum orcroza A:

A=2(R(X"X) 'R") (RB-r).
OKOHUATEJIbHO II0JydYaeM

B.=B-(X'X) R'(R(X'X)'R") (RB-r),

44



Onenku MHK mpu JuHeNHBIX OTpaHUUYEHUIX

9ra opmysa MO3BOJAET MOJYyUATh OIEHKY B PErpeccuu C OT-
paHuYeHUAMH, 3HAS OIEHKU B perpeccuu 6e3 OorpaHUYEHUI.

YacTo 6oJiee yaOOHBIM OBbIBAaeT APYroil IOAXOM, KOTOPBIH IIO-
3BOJIAET TMOJYUYUTH OIEHKU ﬁk B pesyJbTaTe OIeHWBAHUSA MOIU-
GuUIIMPOBaHHOUN perpeccuu 0e3 orpanmueHuii. ges sToro meronma
COCTOUT B TOM, YTOOBI YMEHBIIUTH KOJUYECTBO OIl€HNBAEMBIX KO-
3¢ punueHTOB, U TOrJa 9TO MeHbIIee KOJMUYEeCTBO IIapaMeTpOB
MOXKHO OyIeT OTHO3HAUHO OIeHUTH. KCJIM B MCXOMHOM perpeccuu
OBLIO ™M PErpeccopoB U Ha KO3(PPUIIMEHTHI HAJOMXKEHO k JIMHEeNHO
HE3aBUCUMBIX OI'PAHWYEHUI, TO B MOAUMUIIMPOBAHHOU perpec-
cuM OCTaHeTCcA M — k HEM3BECTHBIX IIapaMeTpPOB.

PaccmoTrpum sToT MeTonm B mpocrteliinem ciaydae. Ilycts Ha
TmocJiefHUE k PETPecCOPOB HANOMKEHBI «HYJIEBbI€» OTPAHUUYCHUS:

B,=0, j=m-k+1, .., m.

Torma, Kak HECJIOMKHO IIOHATb, B MOAM(MUIIMPOBAHHOI per-
peccuy HY:XHO OCTaBUThH IepBble m — k perpeccopoB. Eciu X~ —
MaTpHUIla, COCTABJEeHHAs M3 3TUX PErpeccopoB, TO OIEHKA B MO-
InGUIIMPOBAHHON perpeccuy paBHA

6* _ (X*TX*) IX*Ty
a oneuka MHK c orpannyeHuAMU B 3TUX 0003HAUEHUAX PaBHA

. [_3,
)
9To TpuUBHMANBHBIN ciayuaii. B OoJsiee o01iem ciayuae OBIBaeT
BO3MOJKHO HCIIOJIB3Ys orpanuuenusi RB = r Beipasuts k xoaddu-
IEeHTOB Uepe3 OocCTajJbHbie m — k KoapdumueHTos. Bes morepu
OOIIHOCTY MOJKHO CUMTATh, UTO YIOMAHYTBIe m — k KoaddUIeH-

TOB OTHOCSTCS K HepBbIM m — k croabmam marpunibl X. OrpaHu-
YyeHHUs TOTAA MOJKHO 3alucaTh B OJIOUHOM BHUIE:

i)

RB, + R,B,=1.
Eciu wmatpuna R, (oHa KBajgpaTHas k X k) HEBBIDOMKIEHA, TO
MOXKeM BBIPasuTh P, uepes B;:
-1
B,=R, (r— RlBl)‘
ITogcraBum B, B MCXOLHYIO PErpeccHio, KOTOPYIO MOYKHO IIe-

penucars B BUAE
y=Xp +X.B,+e.

nJiin
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JluHeliHbIe OTPAHUYEHUA W IPOBEPKA T'UIIOTE3 B Perpeccuu

ITociie mpeoOpasoBauuii MOJIYyUUM
y-X, R, r= (X, - X,R, lRl) B+ e

Taxum o6pasoM, B mpeo0pasoBaHHOII Perpeccuiy HCIOJb3YIOT-
Csl CIIeAYIOIINE ITePeMeHHbIe:

y* =Yy Xszilr >
X=X, - X,R,'R.

Hycrs B = (X7 X") ' Xy — onenkn B MoAnQUIUPOBAHHOM
perpeccun. DTO HepBag 4ACTh BEKTOPA OIEHOK P, (COOTBeTCTBYIO-
maa P,). OcraBiryiocss 4acTs BeKTOpa [§R (coorBeTcTByIOITYIO [B,)
HAaXOAWM C IIOMOIIBIO IIOJIyYeHHOI'O DaHee IpejAcTaBieHUs P, de-

pes B,. T.e.
. i}
BR_(RQ l(r - Rlﬁ*)) )

OnumieM TakKyKe HECKOJbKO 0oJjiee aOCTPAKTHBIN MeETOJ.
ITlycrs marpuma A pasmepHOCTBIO (m — k) X m TakoBa, 4ro (KBaj-

paTHas m X m) MaTpuna [ R] HeBBIpOXKAeHa. MaTpuny A MOKHO

B3ATh B KauecTBe MATPHUIBI IIpeo0pasoBaHUA KO3(P(PUIIMEHTOB
MCXOMHOI perpeccuu B KOd(PUIIUEHTH MOAUMDUIIMPOBAHHOMN:
*
B = AP.

Torpa, yuuThIBasi OTPAaHUYEHU, MOMKHO BHIDA3uTh B uepes B

ITockoabKy
A i}
[R ] B= (T‘ )
A B’
B= [R ] (T‘ )
A, 1
(7] =[B C],
rae 0ok B cooTBeTCTBYeT HmepBBIM m — k croybdmam, a C — mo-
caeguuM k cronbiam. Torga
B=Bp +Cr.
ITogcTaBuB 9TO BHIPAXKEHNE B MCXOAHYIO PErpeccuio, —
y=XB+e=X(BB +Cr)+e, —
MOJIyYUM IIepeMeHHbIe MOIU(UIIMPOBAHHON Perpeccuu:

y=y-XCr,
X'=XB.

TO

IIycts
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IIpoBepKa cTaTUCTHYECKUX TUIIOTE3

HNckomble omenxu Haxomum us omeHox MHE [3* MOIU(PUITU-

POBaHHOI perpeccuu
B.=Bp + Cr.

BriBaeT, 4TO OrpaHMYEHUs 3aJaHBI He B SBHOM BHE, a KaK
pas B BUJE JUHEHHOTO ypPaBHEHUWA, CBASBLIBAIOIIETO HEKME «MO-
INQUIITMPOBAHHBIE» KO3(P(PUIUEHThI C UCXOAHBIMU KO3(pPUIIHEH-
TaMH", T.e. KaK

B=Bp +b.

Torga BhIKJIaAKU yrOpoilrarTcsa. llepeMeHHbIe MOAUGMDHUIIMPO-

BAHHOU PErpeccuy paBHBI
y* Y- Xb’
X' =XB,

a onmeuku MHK c orpannueHMAMEN PacCUMTHIBAIOTCA KaK
B.= BB +b,

roe B = (XX 'XTy.

TUOUYHBIA TPUMEP — MOJAEJb IMOJMHOMHAJILHOTO Jiara (Jara
OnmoH).

I'lpoeepKa cmamucmu4ecKux curiomeas

IlycTe mammble pacmpenesieHbl Kak Fg, T'lle BEKTOp IapaMer-
poB 0 IpHHAMJIEKUT HEKOTOpoMy MHOMKecTBY O. IIpoBepsercsa
TUIIOTEe3a, YTO Ha CAMOM [ejie BEKTOp IIapaMeTpoB O mpuHamaje-
JKUT 0oJlee yBKOMY MHOMKeCTBY ©,, ©,c0O. Ha mpakTuke o0BIYHO
0c R"”, a MHOKecTBO O, 3a7aeTCa yPABHEHUAMMU:

q(0) = 0.

IIpenmnonosxenue o Tom, uTo B O, (T.€. 0 TOM, UTO BBINIOJIHE-
HbI paBeHcTBa ¢(0) = 0r), HAa3BIBAIOT HYNEBO rMNoTe301 u 00O3HA-
yaior H,. Hapaay c HyneBo#l rumores3oil paccMaTPUBAIOT ajibTep-
HaTuBHylO runotesy: e O,, rme ©,cO, O,[ 0, = J. AnbrepHaTuB-
HyI0 runotedy obosmauaior H,. Hame Bcero 0, = O\0,, T.e. pu

HysneBoi rumorese ¢(0) = 0r asbrepHATHBHAS TUIIOTE3a COCTOUT B
roM, 4T0 q(0) # Or.

B mpocreiiniem caydae HyJieBas THIOTE3a COCTOUT B TOM, UTO
BBITIIOJIHEHBI JIMHENHbIe OrpaHUYeHUs, a ajJbTepHATHBHAA — B
TOM, TO OHU He BBIIIOJIHEHHI, T.e.

H,: RO=1r,
H,: RO = r.
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JluHeliHbIe OTPAHUYEHUA W IPOBEPKA T'UIIOTE3 B Perpeccuu

ITo TaK HaskIBaeMas /IMHE/Has runotesa.

IIponenypy (IpaBWjIo) MPOBEPKM T'HIIOTE3HI HA3LIBAIOT KpUTE-
puem.

IIpoBepsitoT rumore3dy OOBIYHO C IIOMOIIBI0 HEKOTOPOM CTaTu-
ctvkn s. TTox CTATUCTUKON MOHMMAIOT (PYHKIMIO JAHHBIX: S = s(x),
rae x — gaHabie. OOBIUHO S — CKAaJApPHAS BeJMUNHA.

Heob6xomumo, uTOOBI pacupefesieHne CTATHCTUKU B IIPEAIIo-
JIOXKEHUH, UTO BepHAa HyJeBas I'UIOTe3a, ObIJIO M3BEeCTHBIM. Pac-
mmpejesieHue s, BOOOIle TOBOPS, MOYKET 3aBHCETh OT HEM3BECTHBIX

UCTUHHBIX NapamMeTpoB 0. B KauecTBe CTATHUCTUK, C IOMOIIHIO
KOTOPBLIX ITPOBEPAIOTCA THUIOTE3bI, MMEET CMBICJ MCII0JIb30BaTh
TOJBKO TaKHe CTAaTHUCTUKHU, PACIpenesieHUs KOTOPHIX He 3aBUCAT
oT é, anbo Takwe, AJA KOTOPBIX 3Ta 3aBUCUMOCTb aCHUMIITOTHYE-
CKHU HCUe3aer.

IIponienypa MpPOBEPKU CJIAEAYIOIIAs: €CJIU S MeHbIlle HEeKOTO-
POl KPUTHUECKOI I'DAHUIBI S, TO H, npunumaerca, a ecau, Ha-
obopor, To H, orBepraerca (u, COOTBETCTBEHHO, IPUHUMAETCS
H,):

s>s — mpurumaem H,,
s<s — mpuruMaeMm H,.

(MbI mogpasyMeBaeM, YTO S MMeeT HeIpephIBHOE pacipeee-
Hue. B TakoM ciyuae coOBITHE S = s MOMKHO He pacCMaTpHUBATh,
TaK KaK ero BePOSTHOCTH PaBHA HYJIIO.)

YcnoBue s> s° 3ajmaeT IpaBbI XBOCT pacIpefesleHUsS CTATH-
CTUKHU S. BepoATHOCTh mMomagaHUA B 3TOT XBOCT BHIOMpaeTcs Ma-
J0¥. BepoATHOCTh paccUUTHIBAETCS B HPEAIIOJOKEHUM, UTO Bep-
Ha H,. O603HAYNM 5Ty BEPOATHOCTD O, :

o =Prob(s>s"| Hy).

Yamge Bcero 6epyr o =5% (unorga o =1% wmnm of =10%), xoTs

KaK1X-TO 0COOBIX OCHOBAHUI MJIsI 9TOTO HET.
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IIpoBepKa cTaTUCTHYECKUX TUIIOTE3

“y

PucyHok 1

Ecniu H, e BepHa, a BepHa H,, To pacupenmenenue s Oyner
KaKVUM-TO JPYTUM.

Ecnu mapamerp O€ ©,, B COOTBETCTBUY C KOTOPBHIM IIOPOXKIA-
I0TCA JOaHHble, AOCTATOYHO JaJleK OT nomazanus B ©), U MbL
yIAAYHO BBIOpAJM CTAaTUCTHUKY S, TO €e paclpejejieHre CMeCTUTCS

TaK, YTO BEPOSATHOCTDH IOIIaLaHUSA B XBOCT S > 8* CTaHEeT BeJINKa.

PucyHok 2

Ecau Bepua H,, TO c BepoATHOCTHI0 O MBI COBEpIIMM OIIMO-
Ky, OTBePrHYB BepHYyIo runoredy H . 9To Tak HaswiBaeMas OWwMbKa
1-ro poga. Ecau xxe H, neBepra, a Bepna H,, To ¢ HeKoTOpOi#1 Be-
POATHOCTBIO [3° MBI COBEPIIMM IPOTHUBOMOJNOMKHYI OIIUOKY —
IprMeM HeBepHYIO rumotesdy H,. 9to owunbka 2-ro poga.

BeposarHocTs omubKu 1-ro poja (o) HA3BIBAIOT PA3MEPOM WA
YDOBHEM 3HauMMocT Kputepud. OIuH MUHYC BEPOATHOCTH OITHUOKU
2-ro pozma (1-f") HasBIBAIOT MOLUHOCTBHIO KPUTEPUA.

Pasmep ¢ BeIGHPAIOT OOBIYHO HA KAKOM-TO (DPHKCHPOBAHHOM
ypoBHe (Eanpumep, o = 0,05).

Eciu Kpurepuii He MOAXOAUT IJA IIPOBEPKU paccMaTpuBae-
MO# THUIOTE3BbI, TO pacIpelesieHre CTATUCTUKU IPU HEKOTOPOM
nmapaMeTrpe Ous ©, MOYKET CMeCTUTHCSA BJIE€BO, a He BOpaBo. llpm
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JluHeliHbIe OTPAHUYEHUA W IPOBEPKA T'UIIOTE3 B Perpeccuu

STOM MOIIHOCTH KPUTEPUsI OKAKETCs MEHbBIIe YPOBHSA 3HAYMMO-
cru (1-B"< o); Takoil KpUTepUil HABBIBAIOT CMELLEHHBIM.

Ecau MBI ciBUraeM KPUTHUYECKYIO I'DAHUIY BIPABO, TO YPO-
BeHb 3HAUMMOCTH YMEHBIIAEeTCA, & MOIHOCTh yBEJUYUBAETCH
Ipy JIO0BIX JAHHBIX 3HAYEHMAX IIaPAMETPOB, COOTBETCTBYIOIIMX
HYyJIeBOII U aJbTepHATHBHOII rumoresdam. O0Iee mpaBUJIO, TaKUM
006pazoM, COCTOMUT B TOM, YTO YPOBEHb 3HAUMMOCTH U MOIIJHOCTH
HaXOAATCA B OGPATHOM COOTHOIIECHUH.

02 04 06 038 1

PucyHok 3

Crenyiomuii PUCYHOK IIOKa3bIlBaeT TUIIUYHBIN rpaduK 3aBu-
CUMOCTHA MOIIIHOCTH OT YPOBHA 3HaummocTu. Ha sTom rpaduxe
KpuBas IJis HECMeIeHHOTO KPUuTepusd MOJKHA JIeXKATh BBIIIe
IUarOHAJIN.

Boobite TOBOpPSA, MOKHO HMCIIOJB30BATh JIIOOYIO CTATUCTUKY
IJS TPOBEPKHU JI000IH ajJbTepHATHBHON rumoredbl. OmgHaxko pas-
Hble KPUTEPUM HMEIOT Pa3HYI0 MOIIHOCTh IPOTHUB KOHKPETHOTO
BHUJa aJbTePHATUBHOU TruUIOTe3bl. Kpurepuii OecmoJieseH, ecau
ero MOIITHOCTh HU3KAa, a TeM 0oJiee, €CJau OH SABJIAETCS CMEI[eH-
HeIM. JKenaTeinbHO, UTOOBI MOIIIHOCTEH 1 — B* ObllIa KaK MOYKHO
OoJbITIel (MOIIIHBIN KPUTEPUHA = XOPOIINN KPUTEPUH).

K cosxanenunio, MOIITHOCTH, BOOOIIe TOBOPS, 3aBUCUT OT HEU3-
BECTHEIX HCTHHHBIX mapaMeTpoB 0: P° = B(6). Eciu O, cocrour
W3 eJUHCTBEHHOU TOYKH, TO IIPOOJIeMbI HeT. B IpOTHBHOM ciyuae
TO, KAKOW KPUTEPUH Jydllle HCIIOJIL30BaTh, 3aBucuT ot 0. Eciau

KPUTEPUN SABJASETCS CaMbIM MOIIHBIM IIpW JIIOOOM BeKTOpe Qe
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IIpoBepKa cTaTUCTHYECKUX TUIIOTE3

®,, TO Takol KpuUTepuii HA3BIBAIOT PaBHOMEPHO Hambosiee MOLIHbLIM
KpUTEpreM.

BaskHBIMU SBJIAIOTCA TaKKe aCHUMIITOTHUYECKHUE CBOMCTBA
Kpurepusa. KemareabHO, UYTOOBI IpH KaXI0M (PHKCHPOBAHHOM
3HAUYEHUMW WCTUHHBLIX IIapaMEeTPOB, HE YIOBJIETBOPSMIOIINX HYJIe-
BOII rumorese, U IpU KaKIOM (PUKCUPOBAHHOM yPOBHE 3HAUMMO-
CTU BEPOATHOCTHL OIMMOKM 2-T0 poJa cTpeMujach ObI K HYJO (a
MOIIIHOCTh, COOTBETCTBEHHO, CTPEMUJIACH OBl K eUHUILE) 110 Mepe
TOr'0, KaK KOJMUYECTBO HAOJIIOJEeHNI CTPEeMUTCA K OECKOHEUHOCTH.
9TO CBOICTBO HABBLIBAIOT COCTOSTE/ILHOCTLIO KPUTEPUS.

CilenyoIiIuil PUCYHOK WJJIIOCTPUPYET HOHATHE COCTOSATEJILHO-
cru. Kpaiiusas jieBasd KpuBas IIOKasbIBaeT paclpelelieHNe CTATHU-
CTUKHN B CJlIydyae, KOorjJa BBIIIOJIHEHa HYyJieBasd Iruioresa. ,B;JI&I yiI-
poIlleHUA WJLIIOCTPAIIMY B3ATA TaKas CTATHCTHKA, paclipeielie-
HHe KOTOPOM IIpM HYJEBOM TUIIOTe3€ He 3aBUCUT OT KOJHUeCTBa
HabOmoneHuii. COOTBETCTBEHHO, KPUTHUUYECKasd TIpaHuIla Ha pPH-
CYHKe He CIBUTAeTCS IPU N3MEHEHU! KOJHUYEeCTBa HaOIIOLeHUI.
OcranbHBIE TPU KPUBBLIE MOKA3BIBAIOT pAacIIpelesieHre TOM Ke
CTATUCTUKYU IIPA HEKOTOPOM (PMKCHPOBAHHOM BEKTOPE IIapaMerT-
POB, IJiA KOTOPOrO He BBIIOJHEHA HyJeBas rumoresa. Kpusbie
OTJIMYAITCA KOJHNYEeCTBOM Ha6JIIOlIE‘HI/II7I, II0 KOTOPBIM CTPOHUTCA
craTucTuKa. Pacupeeenne COCTOATENIbHON CTATUCTUKHU TaK e,
KaK Ha PHUCYHKe, JOJIKHO, KaK IIPABMUJIO, CMEINAThCA BIPABO IIO
Mepe yBeJlnWUYeHHUs KojaumdecTBa HabOmiomeHwuii. Ilpum mgocraTouwHo
0OJIBLIIIOM KOJHYECTBE HAOJIIOJAEHUI BEepPOATHOCTL OIIMHMOKU 2-T0
poda IoJIKHA OBIThH IIPEeHEeOPEerKMMO MaJia.

CoCTOATEIBHOCT, KPUTEPUA O3HAYAET, UTO MBI IIOTEHIINAJb-
HO, MMess 0ECKOHEUHO MHOro HaOJ/I0JeHNi, MOXXeM BBIICHUTH C
IIOMOIIBI0 JaHHOTO KPUTEPUS, YIAOBJIETBOPSET JU HYJEBOU T'HIIO-
Te3e TOT BEKTOP IIapaMeTPOB, B COOTBETCTBUU C KOTOPBIM ITOPOIK-
maroTcs maHHble. Tak ’Ke KAk U AJSA COCTOSITEJIbHOCTH OIEHOK,

H, BBIMONTHEHA
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JluHeliHbIe OTPAHUYEHUA W IPOBEPKA T'UIIOTE3 B Perpeccuu

3JleCh ClelyeT CAejlaTh OTOBOPKY, 4YTO MCCJe0BaTellb MMeeT Ka-
SKIBIA pa3 KOHKPETHYI0 KOHEUHYIO BEIOOPKY, M COCTOATEJIHLHOCTH
KPUTEepUA eMy MAaJIo IIOMOraer.

He Bcerma yno0HO IONIB30BATHCA KPUTHUECKOH TIpaHUIed s .

MookHO BBeCTH (QYyHKIIHIO OS):
o(8) =Prob(s> 3).

0s) — 9TO YpPOBEHb 3HAYMMOCTV, COOTBETCTBYIOIUI T'PAHUILE S.
IATO CTAaTHUCTUKA, TaK Ke KakK u s. OJHAKO B OTJIHNYME OT OOBLIYHO
KCIIOJIBL3YEeMbIX CTATHUCTUK, H, mpuHmmaercs, ecau o(s) GoJblae
HEKOTOPOil KPUTHUecKoi rpaHuNbl o, u H, OTKJOHSeTCA B IIPO-
TUBHOM CJIyUae:

o(s) > o — npuaumaem H,,
o(s) <o — mpuaumaem H,.

V106CTBO HCIIOIL30BAHKS B KAuecTBe CTATHCTUKM COCTOUT B
TOM, 4TO O(s) IpK HYJIeBOIl TuWIOTe3e HNMeeT PaBHOMEDHOe pac-
IpefesleHre U B KauecTBe KPUTHUECKOil TpaHUILI AJid Hee Gepert-
cA HemocpezcTBeHHO 0. (Hampumep, o = 0,05). Xopomeii nmpakTu-
KO#l IIPU M3JI0MKEeHUHU pe3yJbTaTOB IPOBEPKM I'MIOTe3hbl ABJSeTCA
yKasaHHe HApAAY C BeJMUYMHON MCXOZHON CTATHCTHKH s TaKKe
ee YPOBHSI 3HAUMMOCTH 0l(S).

lMpoeepka nuHelHbIX 2unomes e pezpeccuu

Mser xorum mposepurh runoredy H,: RP = r. Ilpexie, uem
nepedTy K IIOCTPOEHUIO CTATUCTUKMU, C IIOMOIIbI0 KOTOPOII MOMK-
HO IIPOBEPUTH AAHHYIO THUIOTE3Y, NJOKAYKeM BCIIOMOTaTeJIbHOE YT-
_ BepsKJAeHUe.

Teopema.

Ilycrs B, Y, € — OLIeHKM KO>(P(UIEeHTOB, pacuyeTHbIe 3HAUe-
HUSA U OCTaTKHU U3 perpeccuu y mo X, a BR, Yr, €x — TE JKe BeJu-
yuHbl U3 perpeccuu y no X c orpammuyeHusamu RP = r. Torza

UMeeT MeCTO CJIefyIollee PaBeHCTBO:
19— 9l =l &x— el = eRTeR— ee =

= (BB #(ROCX) R (BB 5) -
(B B)'R'(R(X'X) 'R") 'R(

B Be).
Sawmeuanue.
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IIpoBepka JUHENHBIX TUNOTE3 B PETPECCUU

TeopemMa ommpaeTcsa TOJIbBKO Ha ajrebparuecKue CBOMCTBA, U
He HCIOJb3yeT HUKAKUX CTATUCTUYECKUX IIPENIIOJOMKEHUN. ITO
IIPOCTO TOXKAECTBO, KOTOPOE SABJSETCSA CJAEACTBHUEM TOr0, UTO IJIS
OIIEHMBAHUSA [IBYX PACCMATPUBAEMBIX PErpecCHUil HMCIOJIb30BAJICS
MHEK.

Dokasamesbcm8Bo:

Benuuuny || — ¥l

MOKHO BBIPA3UTh TAaKKe uepes BeJUUUHY
HEeBA3KU Rﬁ — r. MHK c orpannueHnsMM, KaK IIOKa3aHO BHIIIIE,
JIaeT OIEeHKU
B.=B - (X"X) R'(R(X'X) R") (RB ),
Homuoxxkum Ha X cieBa. [lonyuum
§-9.= X(X'X) 'R'(R(X'X) R") (RB-r),
OTKyZIa
15 -~ §all*= (RB -~ m)"(R(X"X) 'R") (RB - 7).

Kpome TOr0o, TOCKONBKY T = RBR, TO 5TO Ke BBIpaKeHUe
MOJKHO 3amucarh uepe3 pasHocTb omeHok MHK c orpammuenus-
Mu u 6e3 oTpaHUYCHUH:

(R~ )" (R(X'X) 'R") (RB-7)=
=(B-B)"R'(R(X"X) 'R") R(B-Bn).

BekTop 4 — 9= €CTh PA3HUIIA PACUETHBIX 3HAUEHUI M3 perpec-
cuum 6e3 OrpaHWUYEHUNH WM U3 pPerpeccuu ¢ orpaHudyeHusMu. Ilo-
CKOJILKY pacyueTHble 3HAUEHUS M OCTATKM B CYyMME COCTaBJIAIOT
3aBUCHUMYIO IIEPEMEHHYIO0, TO 3TOT BEKTOP PaBeH TaK:Ke PasHOCTHU
OCTaTKOB ez — e. IloaTomy

19— Gall’ =l &=~ €l

Emte ommOo mpeacraBiieHuEe 5TOW BEJIMYMHBI, KOTOPOE MOJKET
OBITh YIOOHO B MPAKTUUYECKUX BBIUUCICHUAX:

llex— €|’ = e e.— e'e= RSS.— RSS.

IMoxaxkeM 5TO PaBeHCTBO. IIOCKOIBKY U — UYs= € — €, TO

en—e=X(X'X)'RY(R(X'X)'R") (RB-r).

[oJb3ysich HOPMAJILHBIM ypaBHEHHEM e' X = 0, moIyunM

e'(e.—e)=0,

T _ 1T _ T
e e=e€e e~ € €.

Orcroza
: T T T T T T
llex— €|’ =ex exn— € ex—€ex et e e=e ex—¢€ e. |
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JluHeliHbIe OTPAHUYEHUA W IPOBEPKA T'UIIOTE3 B Perpeccuu

IIns KpaTKocTH 0003HAUMM BEJWYUHY, HECKOJBKO albTepHA-
TUBHLIX HIPEACTABJICHUIN KOTOPOM IIPHUBENEHO B JaHHOM TeopeMe,
yepe3 0. Bocmoib3yeMmMcsa BeJMYMHOM O AJSA TOro, 4TOOBI IIOJIY-
YUTH CTATUCTUKY [JIs IPOBepKu rumore3sl R = r.

Brrpasum HeBA3KY uepes OIIMOKU: B

RB-r=R (X'X)'X'y-r=R (X"X)'XT(XB+e)-
—RB-r+R(X'X) ' X'e=R(X"X) 'Xe.

BaMeTbTe, 4YTO 3aeCh MBI BOCIIOJIB30BAJINCh IIPEAIIOJIOKEHHNEM
0 TOM, UTO HUCTUHHBIN BEKTOP KO03((PUIINEHTOB B YIOBJIETBOPSET
OTPaHUYEHUAM: Rf} =r.

Orcroza

§- 9= X(X'X) R'(R(X'X) 'R") (Rp-r)=
= X(X'X) RI(R(X"X) R") 'R(X"X) X'e= Sk,
rue
S=X(X'X)'R'(R(X'X)'R") 'R(X"X)'X".

IlocKONBKY, KaK HECJOKHO 3aMeTHUTh, S — CHMMeTPUYHASA

HUIeMIOTeHTHasa MaTpUIA (ST =5, §°=S), To
9 9= Se~N0,,6°S),

|o

2

1
o219~ Gl ~2(0,, ),

B mociegHeM COOTHOINIEHHMHW MBI BOCIIOJIb30BAJHUCH TEM, UTO
rank(S) =rank(R) =k (k — KOIMYECTBO OrpaHUUEHUI).

C ToOuKM 3peHHus HATJAATHOCTH HamboJiee II0JIE3HO IIPeICcTaB-
JIeHUe uepes HeBSISKU:

S-S (RB- ) (R(X'X) 'R (BB )~ (0, b).

HaHHaﬁ BeJMYMHA HMeeT YKa3aHHOEe Daclpe/esieHne TONbKO

Q

ecn RB r. BEcnu xe RB # T, TO paclipefiejieHre UHTepecyIolei
HAC CTATHUCTUKHU CMEIaeTcs BOpPaBo (9To OymeT Tak Ha3bIBaeMoe
HeI[eHTPaJbHOEe pacupejesieHne Xu-KBagpar).

Yem GoJsibllle HEBA3KU OTKJIOHAKTCA OT HYJSA, T€M IaJbIIle
BIPABO CABUTAETCA pacupejesieHre. OTO 00eCIieunBaeT BBICOKYIO
MOIITHOCTh JAHHO! CTATUCTUKK IPOTHUB AJbTEPHATHBHON THIIOTE-

set Hy: RB = 7.
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IIpoBepka JUHENHBIX TUNOTE3 B PETPECCUU

Y

PucyHok 5

OnHAKO BeJIWYMHA AUCIEPCHUU G° Heus3BeCcTHA. BBIXOA U3 IIO-
JIOJKEHUS COCTOUT B TOM, YTOOBI 3aMEHUTH AUCIEPCUIO0 OIEeHKOI.
ITogxomut HecmemienHas onenka n3 MHK 0e3 orpannuenmii:

T

,__ee
n—m’
Panpliile MBI IIOJAYYUIN, UTO
1 1+ RSS
_ 2
e e=—— "~ ¥ (n—-m).
&2 o2 x( )

Wmeem nBe BeJIMYMHBI, pacupelieieHHbIe KaK XW-KBagpaT —

d RSS .
oo U 82 . Ecan ABe He3aBHCHMbIe CJIYy4YauWHbl€ BEJINYNHBI MMEIOT

c
pacmpegeeHne XU-KBagpaT, TO Ha UX OCHOBE MOMKHO IIOCTPOUTH
BeJINUYUHY, KoTopasd umeer F-pacnpenenenue Puinepa. Ilockomuan-
Ky ee—e=Segu e= Mg, To
E((e.—e)e')= SE(ee") M =c*S M = Q.
910 03HAUaeT, 4YTO € U (€ex— €) HeKOPPeJaupPOBaHbl. II0OCKOIBKY
COBMECTHOE pacupefiesieHre e U (e, — €) SBJSeTCS MHOIOMEPHBIM

HOPMAJBHBIM paclpeneieHrueM, TO, 3HAUNUT, OHU HEe3aBUCUMBI.
3HAYNUT, HE3aBUCUMBIMU SIBJSIOTCH M GMYHKIMU OT HUX, O = ||€x —
el u RSS =l

(Bamerum, uto e, U (e: — €) KoppenaupoBaHHbl. ITosTomMy MBI
He MOXXeM 37leCh B3ATh BMECTO S° HeCMeIlleHHYIO OIeHKY AucIep-
CHY, OCHOBAHHYIO HA PEIPECCHU € OTPAHMUYEHHUAMH, T.€. Si = €x €x
/(n=m—Fk).)

ITH pacCy:KAeHUA IPUBOLAT K CJIENVIOIIell CTATUCTUKE:
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JluHeliHbIe OTPAHUYEHUA W IPOBEPKA T'UIIOTE3 B Perpeccuu

d/k 0

m - W ~ Fk n-m

— crarucrtuka umeer F-pacupepenenue ¢ k u (n —m) creneHsMu
CBOOO/IBI.

Haubosiee ymoOHasa OJad HPaKTHUYECKUX IeJiell 3aluch STOM

CTaTUCTUKHU, IIO-BUAMMOMY, CJIedyIoIasd:
(RSS: — RSS)/k
RSS/(n—m)

Yro0bI ee BBIUMCJIUTH, AJOCTATOYHO 3HAThb CYMMBI KBaJApaTOB
OCTATKOB B perpeccuu 0e3 OrpaHMYEHUH W B perpeccuu C orpa-
HUYeHudaMUu.

BasXHO OTMETHUTh, UTO BAYKHYIO POJIb IPU IIPOBEPKE OrPAHU-
YeHUH Ha KO03(p(PUIMEHTHI MOXKET HTIPaTh MAaTPHUIla KOoBapualUil
omeHoK. HecMmeIlIeHHO# OIEHKOM KOBAapHUAIMOHHOM MAaTPUIILI
OIEHOK SABJIAETCA MaTpuiia

Var(f)=2(X'X) .

OGosuaunM ee V. Torga ImONYUEHHYIO TOIBKO UTO CTATHCTH-

Ky MOXKHO IepenucaTh Kakx
18 _1(RB r)"(R(X'X) R") (R — 1)
ks k s°

Fk, n_ m*

— L(RB-r)(RVR")'(Rp-r)~ F,, ,.

VY ao6eTBO mamHO# (POPMYJIBI COCTOUT B TOM, YTO JJIA BBIUUC-
JIEHUS CTATUCTUKU TpedyeTcd 3HATh MHDOPMAIUIO TOJBKO s
perpeccum 0e3 orpaHuuYeHmHi. (ITO TaK HA3SLIBAEMBIN MPUHLNI
Banbpa.)???

Ins HenuueliHbix runore3 Buga q(B) = 0k, rme g(.) — nocra-
TOYHO TIJafgKasd (PYHKIUA, MOKHO MCIOJH30BATh AHAJIOTUUHYIO
dopmMyny B KauecTBe MPUOIUIKEHUA:

PPN A\ 1) ATV L /4y @
7a(B) (R(B) VRPB)) aB) ~ Fiu e
HaHHYI0 CTAaTHCTUKY HAa3bIBAIOT CTAaTUCTMKOW Banbaa. 3mech
R(B) — marpuna npousBOAHBIX OTPAHUYEHUN II0 IapaMeTpaM:

A

r(p) =242

B uacTHOM cnyuae nuueitHo# rumoressl ¢(f) = R — r, moato-

My
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Kpurepuu ynaneHuns rmepeMeHHBIX

R(P) :%?:R.

3HAK ~ ClefyeT UUTATh «ACHMITOTHUYECKU MMEeT DaCIIpefe-
JeHue». ACUMOTOTUYECKME CTaTUCTUKU INMHUPOKO WUCIOJb3YIOTCS B
SKOHOMETPHKEe IIPU MPOBEPKE T'UIIOTEe3, IOCKOJbKY B HeJUHEel-
HBIX MOJEJISAX ¥/ WU NPU NIPOBEPKe HeJIWHEeHHBIX OrpaHuYeHuit,

Kak IIPaBUJIO, He yAaeTcs IMOJYUYUTh TOUHBINA 3aKOH pacipeee-
HUS CTATHUCTUK.

Mps1 Morsiz ObI IMOJIYYUTH II0 AHAJOTUU C JIUHEHHBIM CIIyYaeM
W Ipyrue AacUMIITOTHYECKHE CTATHUCTHUKM [IJsA IIPOBEPKU HEJIH-
HelHBLIX THUIIOTe3, HAIlpuMep,

RSSe— RSS)/k «
RSSTn—m) = Lrn m>

OMHAKO CTATHCTHMKAa Bajbga sABIAEeTCS B OTaHHOM cJhaydvae (Korma
Mozxesb 0e3 oOrpaHWUYeHWI JuHelHa) Haubosee ymZOOHOH, mO-
CKOJIbKY [AJIA ee BbIUUCJEeHWs He TpeOyeTcs OIlEHMBATH perpec-
CHIO C HEJIMHEAHBIMYA OTPAHNYCHUSIMHU.

IIpenmosmo:KXuM, UYTO MBI OJHUM M3 CIIOCOOOB MOJYUYUJIU CTATH-
crury F, umeromyio F-pacupenesnernue ¢ k u (n — m) creneHaMu
cBobOoanl. IIpoBepka rumoresbl, Kak Yy:Ke T'OBOPUJIOCH, OOBIYHO
MIPOBOJUTCSA OAHUM M3 OIBYX CIIOCOOOB:

1) Beruuciasiem cratuctury F. Bribupaem ypoBeHb 3HAUMMO-
CcTH O M HaxXoAuM IIo Tabnuie F-pacmnpejeneHHUs COOTBETCTBYIO-
V0 KpUTHUecKyio rpanuny F. Ecau F < F', To mpuHUMaeM
HyJeBylo rumoresy. Eciau F > F°, To OTKJIOHSeM HYJEBYIO TUIIO-
Tesy.

Kpumepuu yOdaneHusi nepeMeHHbIX

ITycrs BexTOp mapamerpoB [ cocrouT m3 ABYX uvacTeii — P,
B2, ¥ MBI XOTHM NPOBEPUTH I'HIIOTE3Y O TOM, uTo [, =0. CooTBeT-
cTByMoIuii F-KpuTepuil Ha3BIBAIOT KPUTEPUEM YyaAAEHUA MEepeMeH-

A
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JluHeliHbIe OTPAHUYEHUA W IPOBEPKA T'UIIOTE3 B Perpeccuu

Hblx. Ecsm B pesysbraTe MpPOBEPKM TUIIOTE3BI HYyJIeBasg TUIIOTE3a
OTKJIOHAETCS, TO TOBOPAT, YTO pacCMaTPUBaeMble IIePeMEHHBIE
CTaTUCTUYECKN 3HAYUMbl — KO3(M@MUIIMEHTH IPU HUX 3HAUYUMO OT-
JIMYAIOTCA OT HYJIA.

IlycTs mepBBINI perpeccop fABJIsETCA KOHCTaHTON: x, = 1, u
IIpoBepsieTcA TUIOTe3a 0 TOM, uTo B,=...= B, =0. B aTom cayuae
OCTaTKM B PErpeccuu C OTPAHUYEHUSMU PaBHBI € = y°, TAe y' =1y
— Yy — IleHTpUpOBaHHAsA 3aBUcUMas mnepeMeHHas. CTaTUCTHUKA
[JIs IPOBEPKU ATOI TUIIOTE3bl MMEeeT BU.I:

(w'y' = RSS)/(m-1)

(n—m)

m-1,n-m*

2) BeruucisieM CcTaTUCTUKY F ¥ ypOBEHb 3HAUMMOCTH [JIsl
aToi craructuru o F). BoiGupaem OpOroBblil YpPOBEHDb SHAUMMO-
cru 0. Ecau oF) < o, To mpuHUMaeM HyJeByio Tumoresy. Eciau
o(F)> o, To OTKJIOHAEM HYJIEBYIO TUIOTESY.

IIpoBepsiem rumoTresy O TOM, UTO MHTEPECYIOIlre Hac 00'bsc-
HsAOLINe IIepeMeHHbIe (T.e. BCe pPEerpeccopsl, KpoMe KOHCTaHTHI)
He MMeIOT O0bsSCHUTENbHOU cuibl. Ilomyuaem F-craTtuctuxy mias
perpeccuu B 1iejgoMm. Eciu moaydeHa Oosbias (IIPeBBIIIAOINAS
KPUTUYECKYIO I'PDAHUILY) CTATUCTUKA, TO OTBEpraeM HYJIEBYIO T'H-
oTe3y U CYUTAEM IIepeMeHHbIe 3HAUNMbBIMU.

Jpyroii BasKHBIM YaCTHBINA cCJydail: 3HAUUM JU OTHEJbHBIN
perpeccop. IIposepsiem runoresy H: B ;= 0.

Bocnonbsyemcest cTaTUCTUKOI

TR ) (RVE) (R )~ F,, .
B nanHOM ciyuae mmeeM ofHO orpaHuueHue (k=1) u
R=(0,..,0,1,0,..0), r=0,
RB-r=§, (RVR") '= V.

31ech MBI 0003HAUUJIN Uepes V;} J-¥ mUaroHaJIbHBIA 3JE€MEHT
KOBapHAIMOHHONM MaTPHUIlbl IapaMeTpoB. Beanuwnma V};} SIBJISIET-
Cs OIIEHKOU AUCIIePCUU [§j:

Vi=Var(,).
OHa pacCcUMTBHIBAeTCA II0 Popmyie
Var(p,) = (X" X) 5,
rae (X'X);; — j-it quaronanbHbIA snemMenT MaTpuns (X' X)
OKOHYATEJIHLHO IOJyYaeM CJAeAYIONIYI0 CTATUCTUKY:

-1

58



Kpurepuu ynaneHuns rmepeMeHHBIX

Var(B,) e
— 9TO KBaJpaT OIEeHKH Koa(pduiimeHTa NEJEHHBIA Ha OICHKY
OUCIIEPCUU DTOI OIEHKMU.
Kak mpaBuio, UCIOJB3YIOT KOPEHb M3 9TOM BEJINUYUHBI, KOTO-
peiii mmeer t-pacupenenenve (pacupepesnenue CroiomenTa) ¢ (n —

M) CTEIeHSAMHN CBOOOMBI:
B,
\/Var(B,)

9Ty CTAaTUCTUKY HA3BIBAIOT t-CTATUCTUKOW. \/Vér(ﬁj) eCThL CTaH-
Aapras owmbka s j-ro Koahduinuenra. ObozHAUNM ee depes se;.
CraggapTHasd OIIMOKA IMOKAa3bIBaeT, HACKOJbKO TOUHO MbI OIIEHU-
Ju Koa(pduimenT [3, CraggaprHasa ominOKa M3MepseTCA B TeX Ke
eIVHUIAX, UYTO XU COOTBETCTBYIOMNI Kosa(puiuent. Takum odpa-

30M,
t;= se; ~1

Ecau omenka KoadduimeHTa Majia IO CPaBHEHUIO CO CTaH-
IapTHOI omimbKoii, TO t-cTaTrCcTUKAa MaJia, U JejiaeM BBIBOI, UTO
Koa(hpuiueHT He3HAUNM (CTATUCTUYECKY HE3HAUNMO OTJIMYAETCS
OT HYJS).

B paccmarpuBaemMoM ciiyyae HOPUMEHSIOT [BYCTOPOHHWN KpuTe-

n—-m*

PucyHok 7

v

pUN.
Eciu cratuctmka f; monagaeT B OAWH M3 XBOCTOB, TO HyJe-
BYIO THUIIOTE3y OTKJIOHSAIOT, T.€. KOIPPUIIMEeHT 3HAUUM.
dakTHUecKn 37eCh B KaueCTBe CTATUCTUKU HUCIOJIb3yeTcs al-
comoTHasa BenuuuHa t-cratucruku. Ecam [t| > ¢, To orBepraem
H,.

59



JluHeliHbIe OTPAHUYEHUA W IPOBEPKA T'UIIOTE3 B Perpeccuu

Kpumepuu npasunbHocmu crnieyughukayuu u
Kpumeputl dobaesneHusi nepeMeHHoU

BeiBaeT ymo6HO cMOTpeTh Ha HpobjeMy IIPOBEPKHU THUIIOTE3 C
IPYro#l CTOPOHBI — HCXOAUTHh M3 PErpecCUU C OTPaHUYECHUSIMU.
Takoil MOAXOA MCIOJB3YeTCs IPU IIPOBEPKE MPaBUIbHOCTU CheLu-
dukaumy momesnu, KOTOPYIO OIleHWJu. Vies COCTOUT B CJedyio-
meM. Bribupaerca Hexkasa MOIUMUIIMPOBAHHAS MOJENb, OJA KO-
TOPOIi MCXOOHASA MOMENb ABJSETCSI YACTHBIM caydaeM (T.e. Mo-
IuGuIupoBaHHAA MOJIeJbh CBOAUTCS K MCXOMHOM, €CIM BBECTU
orpaHWYeHUA Ha mapaMmeTpbl). HysleBas rumoresa COCTOUT B TOM,
YTO BepHA MCXOAHAas MOJesb. Eciu HyJjieBas I'MIIOTEe3a OTKJIOHS-
eTcsi, 3HAUYUT, MCXOAHAs MOJAEJSb HEBEepPHO cHenuduiupoBaHa, u
ee ciaenyerT YCJIOKHUTHb. ONMCAHHBIN KPUTEPUHA MOKHO Ha3BaTh
KpUTEpUEM NpaBUAbHOCTY creumndurKkaumm.

PaccMoTpuM TOJIBKO caMBIM IIPOCTON M YacTO BCTPEYAIOIUMA-
Csl YaCTHBIN ciydail — Kputepui aobasneHuns nepemenHon. Ilyers X
— MaTpulla perpeccopoB B MCXOOHON Momenu. MbI XOoTUM IIpOBe-
puTh, He OBLI JIM HaAMU IIPOIYINEH eIllle OAWH perpeccop — z.
IIpu sTomM paccMaTpuBaeTrcs cjaeAyiolnas MOAUMUKAIUA WHCXO.I-
HOI MOJeJIn:

y=XB+yz+te.

ITIo cytu mena, cooTBeTCTBYIOIIAs CTATHUCTHMKA ObLIA y:Ke Ha-
MU BBIBeJeHa BbIIlIe, TPeOyeTCss TOJbKO HECKOJbKO H3MEHUTh
0003HAUEHUA U HAWTU OIEHKY Koad@uiineHTa npu go0aBIEHHOUN
[epeMeHHOH () uepes BeJIMYMHBI, IIOJIydYaeMble IIPU OIeHUBAHUU
ucxonuoii Momenu. IlocaemHo OpobjeMy IMTO3BOJAET PEIINUTh
TeopeMa 0 pasbueHUU perpeccopoB. CorsacHo 9Toi Teopeme,

z'e
2'Mz

31ech, KaKk u paubire, M =T - X(XTX)&XT. MB5I BOCIIOJIB30-
Bajmmuch TeM, utro My = e. Ilo To#t Ke Teopeme O pas3bMeHUU per-
peccopoB OCTaTKM B MOAUMUIIMPOBAHHON perpeccuu e, MOIKHO
HalTH 1mo opmyJie

9=(z'Mz) 'y"Mz=

T
e

. z
eA:MyfyMz:emez.

Orciona, MoabB3yaAChk TeM, uTo M e = e, UMeeM

T z"e)?

T T T o T
ese,~ee-2Yez-VzMz=e e
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Kpurepun npaBuibHOCTH cleMu(MUKAIIUA U KPUTEPU
IobaBieHUA ITepeMeHHOMN

uin
T \2
z'e
RSS :RSS—LL.
A 2'M 2
IoxgcraBUB 5TO BBIpA)KEHMe B COOTBETCTByMOIIylo F-
CTaTHCTHUKY

(RSS = RSS,)
RSSA (TL -—m — 1) ~ L nom-1ly
IIOJIYyYUM
1 (zTe)2

n-m-1"RSS.2"Mz— (z"e)*" ot

Kopeus 13 sToii BequuuHbl pacupeneaes xax t CreiogeHTa c
(n—m—1) crenersaMu cBOGOABL:

z'e
T T ~tn,fmfl-
\(n—m-1)(RSS-2'M z - (z"e)?)
Bamernm, utoz' Mz — cyMMa KBaJpaTOB OCTATKOB B perpec-

cuu z mo X. CylrecTByeT HPOCTOH aJTOPUTM, MTO3BOJAIOIIMI
paccuuTaTh 3Ty BeaudyuHy. IIycTh MBI 3HaeM OPTOHOPMUPOBAaH-
Hy0o Mmarpuny X: X=XxT1"' (cM. ommcaHMe OPTOTOHAJM3AIIUU
I'pama-IlImuara). Torma
2 Mz=2"2-2"X(X"X)'X 2=
=2"2-2"XX"z=| 2] ||z X|

T.o., ecim MBI TOJIBKO YTO paccuuTanam perpeccuto y mo X c
IIOMOIIILI0 METOZa OPTOTOHAJMM3AIlNM, TO MBI CMOXKEM JIETKO pac-
CUUTATDb Ty CTATUCTUKY.

I'unoressl, Je:xamue B ocHoe MHK,
M UX HEeBBIIIOJTHEHHEe

IIpenmono:xkenus MHK mokHO mpeicTaBUTh B BHUIE HUPaAMU-
oul. Kaskmoe mocienymoliiee IIPEANOJIOMKEHNE PaccMaTPUBAIOT
O00BIUHO TOJBKO IIpeAmoJiaras BBHITIOJNHeHUe mpeasiayiux. (OmgHa-
KO 2-e U 3-e IPeaHoJIOKeHre MOYKHO ITOMEHSITh MEeCTaMM’).

®. dyukuuoHagbHas popma:

E(e)=E(y - XB)=0.
@. UneHTN(DUIIPYEMOCTD:
@%*, X mMeeT IOJIHBLINA PAHT IO CTOJIOIAM.
@%*%, AcuMIOTOTHYECKAA UICHTU(MUIINPYEMOCTD.
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T'unoressl, gexarmire B ocaioBe MHK, 1 1X HeBBIIIOJTHEHIE

. 1 n n
Cymecrayer plim,, ... [; X T x )] =M n M HeBBIPOXKAEHA.

®. OpToroHaJabHOCTH OIIMOOK perpeccopam
®%*, Marpuia perpeccopoB X neTepMUHUPOBAHA.
®#**, Marpuma perpeccopoB X u OmIMOKY € HE3aBUCHUMEI.
Q**% E(g X)=E(e).

. 1 n n
@****_ TIpemen plim,_.. EX( Te! )] CYII[eCTBYeT W pPaBeH HY-
JI10:
. ]- n n
plim, .. [; X Tgl )] = 0,.

@. CpepuUHOCTH OIIMOOK:
E(ee') = o’l.
@*. g ~ IID(0, 6°).

®. HopmaJIbHOCTH OITHOOK:

e~ N0, o°1).

Yacro npegmonoxkenns @ u @ o0begUHAIOT APYr C APYTrOM.
Tak (00 TOM y:Ke TOBOPMUJIOCH paHee MPU PACCMOTPEHUU HecMe-
urernoctr) yeaosusi @ u @%**%*% B COBOKYIHOCTH 9KBUBAJIEHTHBL
yeaosuio E(g)X) = 0. Bosee Toro, ToJbKO IPU BBIIOJHEHUU YCJIIO-
Busg @ ycaoBue @ MOMKHO 0003HAUUTHL TEPMHUHOM «OPTOTOHAJD-
HOCTBb». YcioBue Q@%*** yixe sgBisieTcss B KAKOM TO CMBICJIE KOM-
ouHanuein npegnoaoxkenuii ® u @.

IlepBble TPU IPEAIIOJNOMEHUA ABIAIOTCA HanboJiee BAXKHBIMU.
Ecau onm He BuImosHeHBI, TO mcroJsb3oBaTb MHK nns omenusa-
HHUA PEerpecCrOHHON MOJeJIN He MMeeT CMBICJA.

Kparko mepeuncaum, xaxue coiictea MHK ciaemyior us Ka-
KUX IPEeIIOJIOMKEeHNNA.

@ + @*% + @*** — HecMeIIeHHOCTH

@%% + @***% — CcOCTOATEJIBHOCTD

@+ @*+ ®*+ @ = reopema I'aycca-Maprosa

O+@%+@*+® = s’(X'X) — HecMelleHHAA OLEHKA KOBa-
PUAIIOHHON MATPHUIILI OIEHOK [3

® + @* + @* + @ + HeKOTOpHIE MOIOJHUTEJIBHELIE IIPEIIIOJIO-
JKEHUs = aCHMIITOTAYECKME pacIlpelesieHnsa PacCMOTPEHHBIX pa-
Hee BeJIMUMH TaKue JKe, KaK B IPEIII0JNOKEeHNN HOPMAaJIbHOCTH.

B tom uwmcie,

B NP, o(XX) ).
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DyHKIIMOHAJIbHASI (popMa

t-cTaTUCTUKY /I TPOBEPKU JUHEHHBLIX T'UIIOTE3 COCTOATENb-
HBl ¥ UMEIOT aCHMMIITOTHMYECKM CTAHIAPTHOEe HOPMAaJbHOE pacIipe-
IeJieHue.

F-cratucruku AJIA IIPDOBEPKU JIMHENHBIX T'UIOTE3 COCTOATE]hb-
HBbI 1 UMEIOT aCUMIITOTHUYECKHU PacCIIipenesieHrue Xmu-KBajapar.

O+@*+ 0%+ @+ ® = onmeuxu MHK coBmazamoT c oleHKa-
mu MMII, u, COOTBETCTBEHHO, ABJISIOTCA aACMMMOTOTMYECKM 3hdek-
TUBHbIMU.

®O+@*+®*+ @+ ® = BepHa CTaHZAPTHAA TEOPUS IIPOBEP-
KM TUIIOTe3 B KOHEUHBLIX BbIOOpKax (t- m F-craTucTurum mmeioT
TOYHOE pacIiipefesieHue).

O+Q*+0@*+ @+ ® = omenxu MHK ummeroT HaMMEHBIITYIO
IUCIIEPCHUIO B KJIAaCCe HECMEIIeHHBLIX OIeHOK.

®yHKYUOHabHas1 ¢hopmMma

IIpeamnomoxum, 4To Yy MOPOKIAETCA IPOLECCOM BUIA
y,=fi(X,,0)+g upu E(gX)=0,
rae f(X;, 6) He 06s3aTeIBLHO COBIALAET C TOM (PYHKIMOHATHHON
dopmoit (X,B), xoropas oumenmBanach (PyHKImOHANIBHAS dopma
Ipyrasi, XoTs (paKTOpPhI Te Ke). ITO Ha3BIBAIOT HEMNPaBWUIbHOWN cre-
undvkauvein dyHKUNOHANIbHON (OPMBbI.
Torza

B=(X"X)'X"y=(X"X)'X"(y+e),
rae y ={f(X,, 0)},.

IlousaTHo, uTO B 0OIIEM caydyae KO3((PUIIHMEHTHI [3 HEe MOTYT
CIYKUTH olleHKamMu napametrpoB 0. Kpome Toro, pacuernsie 3Ha-
YEeHUS Y = XB He MOTYT CIY*KHTh OIleHKaMu ¥y. BeIpasum pac-
YyeTHbIe 3HAUEHUS Uepes3 OITUOKM:

§=XB=X(X"X) X" (y+€)=P(y+e),
roe, Kak W pambiie, P — MaTpuila TPOeKIUM Ha MIOAIPOCTPAH-
CTBO, HATAHYTOE HA PErpeccops.l.

Bo-miepBBIX, 3TH OIEHKU OYyAyT CMEIeHHLIMHU (PaccMOTPUM

TONBKO Ciyuaii, korga y u X IeTepMUHIPOBAHEI), T.€.

E(§) =Py #3 » O
3a WCKJIOYEHWEM CJIy4dasd, KOTZa BEKTOD Y JIEKUT B HOAIPO-
crparctBe £(X), T.e. MOXeT ObITh IIPEACTaBIeH B BuAe y = XP
opy KaKkoM-TO BeKTope f.
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T'unoressl, gexarmire B ocaioBe MHK, 1 1X HeBBIIIOJTHEHIE

W3 sToro ciemyeT Tak:ke, UTO OCTAaTKU M3 perpeccum y mo X
B 00IleM cJy4yae MOJYKHBI OBITH CMEIIeHHBIMU OIleHKAM! HCXOI-
HBIX OIIUOOK E.

Bo-BTODBIX, 3TU OIEHKU OYAYT HECOCTOATENbHBIMU. [[eficTBu-
TEJILHO, €CJIU UCXOAUTDH M3 OOBIYHOI'O MPEAIIOJOMKEHUI O TOM, UTO
plim(Pg) = 0, To plim(¢) = y MOMKeT GBITH BHLIMOIHEHO TOJHKO TO-
rma, Korga

plim(Py) =y,
T.e. KOTZla BEKTOD ¥ JIEKUT B IOZIPOCTPAHCTBE £(X) acummro-
TUYECKH.

AnajormyHbEIM 00pa3oM MOYKHO IIOKa3aTb, YTO OCTATKU U3
perpeccum y 1o X B o0IIeM cjaydae He MOTYT OBITH COCTOSTENb-
HBIMU (B YKa3aHHOM BBIIIE CMBICJIE) OIEHKAMY HCXOLHBIX OIIM-
00K €.

TunuuHBI NpUMep HeNpaBWJIbHON cuenmupuranuu QGyHK-
IUOHAJBbHOU (POPMBI B paMKaxX JMHEHHON MOJEeJU — ITO cydait
NPONYLIEHHBIX NEPEMEHHbIX.

Hampumep, MOryT He OBITh yUTeHBI 3dEKTHI B3aMMOAENCTBYS.

IIycTh ucxomubie (paKkTOPHI:

Tils eoe s Lippe

SddekTamMmn BTOPOro nopsaka HasbIBAIOT PErpeccophbl ciaenyiolle-

ro BUAA

2 2 2

Lir s ooy TinLigny wovy Lij'y ey Lijlimy vy Ly o
Hmeem ciemyroiyoo Momesb:
m m

m

Y, = B, + > Z'yjsx,- T+ €
7=1 T i

ij*is
j=1s=j

ITonubIli HAGOp perpeccopoB 3Mech MOMKET OBITH JIMHEHHO 3a-
BUCHUM — CJIEJyeT UCKJIIOUUTH JuinHue. Hanpumep, ecau z;; = 1,
Ty = 25 Ty =2, TO THTy ¥ T' — OJHO W TO HKeE.

OueBUAHO, UTO MOJKHO paccMaTpuBaTh U 3POEKThl B3aUMO-
nericTBus 0oJjiee BHICOKOTO MOPAIKA.

MoryT OBITH IIPONMYINEHBI IIepeMeHHbIe, He SIBJISIOIINECT
GYHKIIUAMY UCXOIHBIX PETPECCOPOB.

IIycTh maHHBIe TOPOMKIEHBI IIPOIECCOM BHIA

y=Xp +XPB,te,
OSHAKO IIPU OIleHWBAHUU perpeccopsl X, He OBLIU YUTEHHI.

Torma

B = (XlTX1) IXIT(XIBI +X,B,+e)=
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DyHKIIMOHAJIbHASI (popMa

= 61 + (X1TX1)71X1TX262 + (X1TX1)71X1T3’
Ecan DPerpeccope! IeTePMUHUPOBAHHELE, TO
E(Bl) =B, + (X1TX1)71X1TX2B2- . .

Bexrop P, sBaserca mHecmernemnoi onenxoit B, (E(B,) = B.)

TOJBKO Korjga marpunibl X, u X, OpTOTOHAJIbHBI:
X,'X,=0.

Kak ykaspIBasioCh BBINIE, OCTATKW U3 perpeccuu y mo X, B
o0I1eM cJiyuae JOJYKHBI OBITH CMEIeHHBIMU OIeHKAMM HCXOMTHBIX
omubok €. [leficTBUTENBHO,

eE=Y - X1B19
IIO3TOMY

E(e)=E(y) - X.E(B,) =
. S o T T e
= X1B1+X2B2*X1B1*X1(X1 Xl) X, Xszz
T Iy T A A
= (I_){ﬁ(Xl Xl) X, )XQB‘Z:MlXQBQ’
e M,=T-X,(X,"X,) X,".

Oco0eHHO CHUJILHOE CMeIlleHHe OCTAaTKOB Ha0JiomaeTcsa, Korga
X, u X, oproronanbusl, mocKoabKy Torza M, X, = X, u E(e) =
'XQBQ'

B uacTtHOM ciyuae, KOrja IPONYINEHA TOJLKO OHA IIepeMeH-
Has (z), oproronasbHas X,, umeem E(e) = B,z. us oGuapy:xe-
HUSA TAKOM OIMMOKM crelnu(@UKALUNA TOCTATOYHO IIOCMOTPETh Ha
rpaduxk e; 1o z;:
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T'unoressl, gexarmire B ocaioBe MHK, 1 1X HeBBIIIOJTHEHIE
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PucyHok 8

C mpyroii CTOPOHBI, €CIU z MOYTH JUHEWHO 3aBucuma ot X,
TO Ha rpaduKe TPYAHO 3aMETUTL HAJIHUUYNE 3aBUCHUMOCTH.

dopManbHBINE MeTOA OOHapy:KeHHUs IIPONYINeHHON MIepeMeH-
HOI COCTOUT B HCIIOJH30BAHUU COOTBETCTBYIOIIErO CTATHCTHYE-
ckoro kputepus. OH OLII ONMCAH BHIIIIE.

IIperenmeHTHI Ha IIPOBEPKY:

- 9(pdexTHl BTOporo nopsaka (1 Gosiee BHICOKUX MOPAAKOB) U
apyrue QYHKIIMN UCXOOHBIX IMePEeMEHHBIX;

- pacueTHbIe B3HAUEHUS ¥ UX pasJUdYHbIe cTerneHu (T.H.
RESET Pawmces);

- ecJii JaHHbIE — BPEeMEHHBIE PAIbI, TO QPYHKIIUY BPEeMEHU —
TPeHbl, (PUKTUBHELIE IIePEeMEeHHbIE:

- xputepuii Yoy — (QUKTUBHBIE HepeMeHHbIe II0 HOABBLIOOP-
Kam;

- ellle Kpurepuu IAaA BpeMeHHbIX pagoB — CUSUM u
CUSUMSQ.

C Ipyro#l CTOPOHBI, MOKHO IIOCMOTPETH HA IIPOIYIIeHHBIE
nmepeMeHHbIE KaK Ha CJydYaliHble BO3MYINeHUA. Takoil MTOoaXo[
oIrpaBaH, €CJIN IIPEeAIIOJIOXUTh, YTO

E(X2|X1)B2:@-

(Ins aTOTO MOCTATOYHO, UTOOBI IIPOMYINEeHHBIE IIepeMeHHBIe
HMeJH HyJeBoe MareMaTudecKoe oxupanue E(X, | X,)=0.?7?)

C oToli TOYKM B3peHHuA IIPOIYIeHHBbIe IIepeMeHHbIe IIPOCTO
BXOOAT B OIMHUOKY (BoOOIle TOBOPSA, OIIMOKA — Ta JKe IIPOIy-
IeHHasa mepeMeHHasn). Omubkoil Torga aBiasercsa BeanuuHa X,B,
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O1eHKa ¢ IpeaBapUTEJIbHOM IIPOBEPKOI I'MIIOTE3bI

+ €. Kak HeCJI0KHO YBUETb, IPYU BHINOJIHEHUN IIPEAIIOJ0KEHIS
E(X,| X,)B,=0, BoImosHEHO

E(X.B,+e[X,)B,=0,
mosTomy omenku MHEK Bl =(X,"X)) leTy JOJI’KHBI OBITH HecMe-

IIeHHBIMU OIleHKaMU KO03(p(PUIIMEHTOB f’)l. Tax:xe, mpu BBITIOJHE-
HUM Psla CTAHZAPTHBIX IIPENIIOJIOMKEHUHN, 9TH OIEeHKHU JOJIMKHBI
OBITH COCTOSITENILHBIMU.

B HEKOTOpPBIX CHTyaIlMsiX €CTECTBEHHO IIPENNOJIOMKUTL, UTO
CTPOKU MATPUIILI IPONYIIEeHHBLIX ITepeMeHHBIX X, ABJIAIOTCA He-
3aBUCHMBIMU OJMHAKOBO pacCIpeleeHHBIMU CJIYUYAUHBIMU BEKTO-
pamu:

X,,~1ID
U IIpU 5TOM He3aBUCUMBLI OT perpeccopoB X,. B sTom ciyuae ma-
TeMaTHuYecKoe OXKHIaHWe UX OJHO U TOo sKe. Ecam o00603HAYUTH
BEKTOP MaTeMaTUYEeCKUX OKUAAHUI uepes O, TO

E(X,|X))B,= aTBQ' L.

...HeadpdpekTuBHOCTL OIEHKH C TOUYKHU 3PEHUS IOJHONH WH-
dopmaruu X,, X,. C Apyro#l CTOPOHBI, IIOJYyUEeHHBIE OIEHKU (-
(eKTUBHEI (IPU CTAHIAPTHBIX IPEJIOJIOMKEHUIX) eCHU AOCTYIIHA
TOJBKO mHpOopManusa 06 X, .

Eciu B perpeccuu ecTh KOHCTAHTa, TO IPOIIYCK TaKUX Ilepe-
MEHHBIX MPUBEIET TOJBKO K TOMY, UTO HECOCTOSATENbHOI Oymer
OIleHKa KOHCTAHTHI.

W3 stux paccy:kaeHuii ciemyer, UTO BA)KHO BCerjga BKJIIOUATDL
B perpeccuio KOHCTaHTY.

OpHaxko, HATTPpUMEDP, BPEeMEHHOI TpeH[ HeJb3A CUNUTATh CJIY-
YaWHOU IIepeMeHHOM — ero IPONYyCK MOJKeT IIPHUBECTH K cMeIlre-
HUIO OIIeHOK U HECOCTOSTeJIbHOCTH.

OueHka ¢ npedeapumersibHOU NMPoO8epPKoU
aunomesbl

(pretest estimator)
O1eHKAa ¢ IpeaBapUTEJSbHOU ITPOBEPKOI I'MIIOTE3bI

Al
B’;_{ BY, F<F,
A (1+2
B(lJr )7 F> F(x
3aecy F' — F-crarucruka Ajs rUnIoTessl 0 TOM, uto B,=0, F

— KpUTHYEeCKasa IPaHUIA.
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T'unoressl, gexarmire B ocaioBe MHK, 1 1X HeBBIIIOJTHEHIE

Kakasa omenxa 0oJiee TOuHAsT — He IIOHATHO. OTO 3aBUCUT OT
BEJIMYUHEI K03(hdUnueHTOB [052 (ot Var(XQBQ)) ¥ OT G..

Cpasrusaem MSE(B)), MSE(B) u MSE(B{™). Ananuruueckn
TPYAHO BBIUMCJIUTL — MCIOJL3YIOT MeTon MouTe-KapJio.

He Bcerma cienyeT CHEIIUTh OTOPACHIBATH «HE3HAUMMYIO»
IepeMeHHYIO.

HapyweHue aunomessbl 06 opmoecoHal/lTbHOCMu

Mo:zxer ObITH

y=XP+e
HO IIDH 3TOM
E(e| X)=0.

HapymieHnne opToroHaJIbHOCTH.
TunuuHBIN cayyall — OMIUOKYU B IIepEeMeHHBIX.
IIycTh maHHBIE TOPOMKIEHBI IIPOIECCOM

y=Xp+e,

rue
E(e| X) =0,

oxHako X He HaOJmozawmTcsa, BMecTo X HalOI0maeTca
X' =X+VY.

(ommbru HabmoneHus V¥ HesaBucuMsbl oT € u X)
E(W|X)=02?7?
X" Torma Ha3BIBAIOT proxy pna X — IJIOXOU 3aMeHUTeJb,
sp3all-lepeMeHHasd.
Torzma
y=XB+e,
rae
g€=e-PB=¢e+(X-X)P.
E(e'] X')= - ¥B=0.
IIpu pomonHWUTENBbHBIX IIPEJIONOKEHUAX OKasblBaeTcs, 4YTO
cMellleHHe COXPaHsAeTCsa U ACUMITOTHYECKH, T.e. OIleHKU OKa3bl-

BAaTCA HECOCTOATEJbHBIMMU.

Boobm1e KoppenpoBaHHOCTH MeXXAy X U € BBIBBIBAET CMeIIe-
Hue (4, KaK MPaBUJIO, HECOCTOATEIHLHOCTD). ?77?
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WpertTudpunupyeMocTb

Emie omue npumep — «OZHOBpeMeHHOCTh». CM. majmee Temy
«CucremMbl ONHOBPEMEHHBIX YPABHEHUH » .
Ha camom fgejie ycjaoBHe MOXKET OBITH OCJIabJIEHO — OIeHKU

MHK ocranyTcs COCTOATEIbHBIMU:
E(e; | X;, ..., Xy) =0.
ABToperpeccus: perpeccopbl ABJIAIOTCS Naramu (3amasgbIBaio-
UMY 3HAYEHUSIMY) 3aBUCHUMOMN IepeMeHHO.
— IOKa3bIBaeTCsI COCTOATEIbHOCTb.
HapymieHue: aBToperpeccusa U OMINOKY aBTOKOPPEJIUPOBAHHEI
— TOrJa HeCOCTOATEIbLHOCTE.
ARMA(L, 1):
9TO aBTOpErpeccusi 1-ro mopsAgKa
Y, =B+ Boyi it &
rze omubka npegcraBisgeT coboit M A(1l)-mporecc:
&=+ g
Torma
E(& 1y, - 9) 20,
TaK KaK OIINOKA € 3aBUCUT OT & | U Y, ;, 3aBUCUT OT &, ;.
Ecte (opMaibHBI KPUTEPUH YCIOBUS OPTOTOHAJIBHOCTU
(Tapouna-By-Xaycmana). Ho 06 aTtom motom.???

Ndenmuchuyupyemocmsp

|XTX | =0 — HEmOJHBIA paHr MaTPHUIILI PETPECCOPOB, BBHIPOIK-
meHHoCcTh. OQHAKO Uallle BCTPEUAETCS IMOUYTH BHIPOMKIEHHOCTD.

Hanayo mpobieMy Ha3LIBAIOT MYJIbTUKOJINHEAPHOCTHIO.

OIeHKY MOJIYYAIOTCS HETOUHBIMMU.

IIycrs, HampuMep, IJisd ABYX PErpeccopoB, &, U &,, BBIMOJHE-
HO

) T, < ||z |12

— TPYAHO OTJIMUUTH BINAHUWE &, HA Y OT BIUAHUA &, HA Y.

IIpuynHBI: HEIOCTATOYHO NJaHHBIX, HJaHHbIE He BAPbUPYIOT.

BbIxonq B SKCHepPMMEHTAJNBbHBIX HayKaX: M3MEHUTHL PErpecco-
pBI, HATIPUMeED, CAeJIaB UX OPTOTOHAJNBLHBIMU APYT APYTY.

IToxkasarenu:

Yucao obycaoBaeHHOCTH ?7?

Kak Goporbca?

I'pebueBas perpeccus (pumk-perpeccusi) ?7??

IIycTs v Hac ecTh mHGOPMAINA, YTO
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T'unoressl, gexarmire B ocaioBe MHK, 1 1X HeBBIIIOJTHEHIE

o

E(B)=0, ?2?
Torga OaliecoBCKas OIEHKA:
B=(XTX+3)X"y.

CoepuyHocmb
E(ee’) = o’l.
IIpenmono:kenue o chepUUHOCTH OIINOOK OOBLIUYHO Pas3sbuBaIOT
Ha JBe YacTH: OTCYTCTBUE aBTOKOPPEJSIINHU OIINOOK M TOMOCKe-
JACTUYHOCTS.
A. AToKOppensuus ownbok (cepuasbHas KOPPEeJIsSIius)
E(ee ,)#0l, p=1,2,..
B. M&1 npeamosiaraeM rOMOCKEAACTUYHOCTb:
E(e’) =0 Vi=l,...n.
HapyrieHue 9TOro mpeAmoJOKeHUA Ha3bIBAIOT [ETepoCcKeaacTUYHO-
CTblO:

E(e’) =02
rie He Bce O ONMHAKOBEL.
oneuxku MHE [3 SABJIAIOTCS CMEIeHHBIMU IIPU aBTOKOppEe-
JANUN ¥ HAJWYUK CPEeIM PEerpeccopoB JIAaTOB 3aBUCHUMOMN Iepe-
MEHHOI1;
(SQ(XTX)i1 — HeCOCTOATeJbHAs OIEHKA KOBapHAIMOHHOMN

A

MaTPUIBL OLEHOK [3;

oObIuHbIe t- 1 F-cTaTUCTHKU HECOCTOATENbHBI, UX HEJIb3S
WCIIOJIB30BaTh JJIsA IIPOBEPKU T'UIIOTES;

oneuxku MHEK [3 B NIPEINOJIO}KEHUY HOPMAJBLHOCTH Y:Ke He
OyayT 5(PEeKTUBHBIMU, OIEHKU MeHee TOUHBLIe, ITPOMCXOAUT IIO0-
Tepda UH(pOPMAIIUU.

ABTOKOppEnaumMsa ownboK (cepuanbHas koppenauus)

Kak BBISBUTH aBTOKOPPEISAINIO0?

HawuGosee yacTo BcTpevaroniuiica BUJ aBTOKOPPEISAIINU OIIIU-
00K — 9TO aBTOKOppeJAlusA IIepBoro mopanaka. Hampumep, oma
BOSHMKAaeT, Korga omnbka nopoxaena AR(1)-mpomeccom:

&=peg,+t é

B sToM ciayuae mociemoBaTeJbHBIE OIMUOKY OKAa3bIBAIOTCA
KOppeJnpPOBaHHBI.

ITockoabkry
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E(ee ) =pE(e.*) +E(e.,&) =pE(e; ) = p Var(e),

_E(eg ) _
Var(g;)

Takum 00pasoM, aBTOKOPPEJIAIUs IePBOT0 IOPAAKa He paBHA

HYJII0. AHAJIOTUYHLEIM 00pasom,
Corr(e;, g,,) =p”.

HauGoJsiee u3BeCTHBINI KPUTEPUH AJIS BHISBJIEHUS aBTOKOpPpe-
agmuu 1-ro mopsaAgka — 9To Kputepui [apbuHa-YotcoHa. CraTucTu-
Ka [JIS 9TOTr0 KPUTEPUs MMeeT BUL:

n
d.(e;i—e ) :

=2

DW = o

TO

Corr(e;, €, 1)

CraTucTHKa BCer/a yAOBJIETBOPSET HEPABEHCTBY
0<DW <4,

Kpurepuii npeagHasHaueH [AJIs1 BBISBJIEHHS aBTOKOPPEISII[UU
TOJIBKO 1-r0 mOpsiAKa, YTO MOYKHO YBUAETh M3 TOr'0, UTO JaHHAS
CTATHCTHUKA TECHO CBA3aHa C BLIOOPOUHON OIEHKOUN K0a(hPUIleH-
Ta aBTOKOppeadanuu 1-ro mopAgKa

n
D€y
p=—.
2622
i=1

C TOUYHOCTBHIO MO HPOITyCKa IEePBOr0 W MOcJeqHero Habjrome-

HUSA
DW =2(1-p).

IIpu orcyrcTBUM aBTOKOppeaanum cratuctuka DW pomxHa
OBITHL MPUOJMIKEHHO paBHa ABYM. IIpu MOJIOKUTENIBHOII aBTOKOP-
pensanuu DW poskHa ObBITHL OaMiKe K HyJaoo. TouHoe pacipepme-
JIeHWe CTaTUCTUKU 3aBUCUT OT MaTpUIbI perpeccopoB X. OmHaKO
€CTh HUJKHSAS U BEPXHAS IPAHUILI AJA JOBEPUTEIbHON I'DAHUILLI
(di u dg), KoTophkle He 3aBucAT oT X. VIMEHHO OHUM IIPUBOJASATCS B
rabauiax pacupeneneHud cratuctuku [Hapbmaa-Yorcona. (Ectb
KOMIIbIOTEPHBIE IPOTrPaMMBbI, KOTOPHIE CUMTAIOT TOUHBIE KPUTH-
yecKue IPAHUILEL. )
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T'unoressl, gexarmire B ocaioBe MHK, 1 1X HeBBIIIOJTHEHIE

L i i L
0 4 do 2 4-dy  4-d, *
oTkioHsteM Hy npuaIMaeM Hy oTkioHsieM Hy
(monosxurenbHas (HET aBTOKOPPEJISAIIHH) (oTpunarenpHas
ABTOKOPPEIISAIUS) ABTOKOPPEIALIUS)
——— ~——
obnactu
HEOIPEICIICHHOCTH

PucyHok 9. MHTepnpeTauus kputepust JapbuHa-YoTcoHa

PucyHok 10. Mpacmk 0CTaTKOB NMpu CUITbHOM
MOJIOXXMTESIbHOW KOPPETMPOBAHHOCTH OLIMGOK

ABTOKOpPpPENAININIO OMIMOOK MOXKHO TaKsKe 3aMeTUTh Ha Trpa-
(UKe OCTaTKOB:

IIpu mosOKUTEIHLHON aBTOKOPPEJAIMU 3a IIOJOKUTEIbHBIM
OCTaTKOM dallle CJeAyeT IIOJOMKUTENLHBIN, a 3a OTPUIATEJIbHBIM
— OTPHUIATEJbHBIN.

IIpu oTpuIaTeIbHON AaBTOKOPPEJSIINU 34 II0JOKUTEJTbHBIM
OCTAaTKOM Yallle CJeyeT OTPUIlATEJbHBIN OCTATOK U HA00OPOT.

Ecau cpemm perpeccopoB ecTh Jar 3aBHCHUMON IIepeMeHHOI
(y; 1), To Kpurepumii IMapOuHa-YOTCOHA OKAa3bIBAETCS HECOCTOS-
TenbHbIM. Cratuctuky h-[lapbvHa NpPUMEHSAIT OJs BBLIABICHUS

aBTOKOppEJIANNKU 1-r0 HmOpsifKa B IPUCYTCTBUU Jiara 3aBUCUMOI
nepeMeHHOM.
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€;

LA, O b -
JL Ny

PucyHok 11. Fpadvk OCTaTKOB NMpW CUITbHOM
OTpULATENbHON KOPPENMPOBaHHOCTM OLUIMEOK

Kputepun loadpes (aabrepHATHBHBIA KpuTepuii JlapOuHa)
MIPUMEHUM IIpU 00Jee OBITUX MPEAI0NIOKEeHNAX.

Jia pacueTa ero CTaTMCTHUKH MOXKHO WMCIIOJIB30BAaTh BCIOMO-
raTeJbHYIO PErpeccuio:

yorXue,..e,.

— IJIA aBTOKOPPEJIANUU p-TO MOPAAKA.

3mech e ; — JIarW OCTaTKOB:

0 ‘
: J
0

HcnonansyeM KpuTepuili 1o6aBIeHNA IePeMeHHbBIX.

HyneBas rumore3a BO BCIOMOTraTeJNbHOI perpeccum: nobaBou-
HbIe IIepeMEeHHBbIe (JIaI‘I/I OCTaTKOB) HEe3Ha4YMMbl OJHOBPEMEHHO.

MNpoueaypa KoypaHa-OpkaTtra

AR(1)-mportecc B ormubKe

g=pe +E.
Wunosanuu &, He aBTOKOpPpenupoBauuer, 11D.
Cama perpeccusi uMeeT OOBIUHBIN BIT,

Y= XBte,.
IToncraBue B opmyny AR(1)-mpouecca omubdKy
e=y,—XpB,
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T'unoressl, gexarmire B ocaioBe MHK, 1 1X HeBBIIIOJTHEHIE

IMOJIyYUM
yi— XB=p(y.1— X, B) +&.

Ecsim 651 MBI 3HaANMU P, TO 9TO ObLIa OBl JIMHEHHAA perpeccus
M ee MOJKHO OBIJIO OBbI OIEHUTH OOBLIYHBIM O0Pa30M, UYTO MOXKHO
YBHUIETHh U3 CJEIYIONell 3aIncu:

Yi Py =(Xi—pX; )B+&.

Eciu ucmosib30BaTh BMECTO MCTHHHOTO 3HAUEHUS. ..

C Apyroii CTOpPOHBI, eciau O0bl MbI 3Hanu Ko3(hdunueHTs! B, To
9TO OblLaa OBl JIMHEHHAasA perpeccusi ¢ HeM3BECTHBIM K0a(h(PUIIeH-
TOM p.

9T pacCys:KIeHUSA IPUBOAAT K UTEPATUBHOM IPOILEAype:

0. Bei6paTh HauasbHOE IPUOIMIKeHNe A1 P, HanpuMep p = 0.

1. Ha ocHoBe omeHku p (p) HOJy4YUTH OLEHKY BeKTOpa f3.

O6o3HauuM

1=y, Py, m Xiflzxi*ﬁxi—l (i:1,4..,n71).
Torzpa onenka [ Boruncisiercss o Gopmyie
B=(X"X)'X"y.

2. Ha ocHOBe OLIEHOK BeKTOpa [ MOIYyYHUTH OIEHKY Koadhdu-

nyeHTa p:

L_ee,

P eTe”
rme

e=y—XB.

ITocioe aToro cHoBa mepexonum Ha miar 1.

9to u ectb Mmeton Koupama-Opkarra.

3ameTuM, uTO Ha 1-M IIare MBI Bcerja IIOJy4YaeM COCTOS-
TEJBbHYI0 OILIEHKY BeKTopa [, eciu BBINOJHEHBI CTaHIAPTHOE
MPeAIIoJoMKeHe O TOM, YTO OIMMOKA B HEKOTOPOM CTATHCTUYE-
CKOM CMBICJIE «OPTOTOHAJbHA» MATPUIIE PETPEeCcCCOPOB.

Ho ecau sTo He Tak, TO HMOJYUYEHHAs OIeHKA MOJYKET OBLITh He-
cocroaTenbHol. Hampumep, Tak OymeT, eciu Cpequ PerpeccopoB
COZIEPXKUTCS JIar 3aBUCHMOM IlepeMeHHO# (y, ;). B Takom ciyuae
meton Koupama-OpKaTTa HETPpUMEHUM.

Ha BTOpOM ImI1are MBI IIOJYYUM COCTOATENIBHYIO OLIEHKY P, IIO-
CKOJIbKY OHA BBIUUCJSAETCS Ha OCHOBE COCTOSATEJIbHOMH OIeHKU B
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leTepockegacTUyHOCTb

TeTepockemacTuyHOCTh MOKeT ObBITH pasHoi. IIpexamosaraer-
cf, UTO AUCIIEPCUA MOKeT OBITh HEeKOTOpoi (GyHKIMell HeKOoTo-
poit nmepemMeHHOU 2;:

o= f(z).
Croco6 oOHapy:KeHUA.
TeTepockegacTUYHOCTh MOYKHO OOHAPYKUTH I'pad)uUecKu —

A e o
. o
o
o
- ;:&,:3: e S0, " Tr o
_%?P“ uu:—“u B:“"n—’:h I:unu o >
m o o o o f
o Og oC
o . 2
o
o

PucyHok 12

Ha rpaduKe OCTATKOB II0 «IIOJO3PUTEJIbHON» IIepeMeHHOH’ Z;.

Tax Ha mnpuBegeHHOM rpaduKe BHUIHO, UTO HOPU OOJBIINX
3HAUYEHUAX 2; OCTATKU 0oJiee IIMPOKO pas3bpocaHbl, YeM IIPU Ma-
JIBIX.

Kputepui Fonadensaa-Keanara.

IIycTs HaOmiomeHMA pa30UTHI HA ABE I'PYINBI, B IIEPBOH — N
Ha0OII0leHN, BO BTOPOH — n,. (Cumraem, 4To n,>m u n,>m.)

() -Gepe ()
Yo X5 &)

TpebyeTcss TpPOBEpUTH, UTO OINMMOKa B 00eMx IMOABBIGOPKAX
uMeeT OTHY U TY 2Ke MTUCIIEePCHUIO.

MoOXHO OIIEHUTh perpeccuu mo o0erM BLIOOPKAM IIO0 OTHAEJb-
HOocTU. B pesysbraTe mosydyuM OCTAaTKU e, W e€,. IIOCKOJBKY

MIPeJIojaraeTcsi OTCYTCTBHE KOPPEJSINU MEeXAY OIIMOKaMH B
OABBIOOPKAX, TO (B IPEAIIOJOKEHMM HOPMAJILHOCTH OIIMOOK)

CYMMbI KBaJpaToOB, OeJIeHHbIe Ha COOTBETCTBYIOIEE KOJHNUYECTBO
cTereHeil cBOOOIBI, IIPENCTABJSIOT COOOUM IBe He3aBUCUMEBIE Be-
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JUYNHLI, paclpefejieHHble KaK XMW-KBaapaT. OTH [BE€ BeJINUYKNHBI
MIPeNCTaBAAIOT cO00M HecMellleHHbIe OIeHKU IUCIePCUM B IOJ-

BBIOOpKAX —
T T
2_ 6 € 2_ 6 €
St Them B T mme
1 2

Henst oqHy M3 HUX HA /IPYTYIO, MONYIUM F-craTtuctuky:

HaHHYIO BEJIUYNHY II0 IOHSATHON IIPUYMHE IPUHSTO HA3LIBATH
AMCNEPCUOHHBIM OTHOLWEHVWEM, CMBICJ JaHHON CTATUCTUKU COCTOUT B
TOM, UTO KOTJa AUCIIEPCUU B MOABLIOOPKAX CUJIBHO OTJIMYAIOTCH,
TO CTATUCTUKA OymeT JubO CyIlleCTBEHHO 0O0JIbIlle eIUHUIBI, JIHOO0
CYIIIeCTBEHHO MEHbIIle eIUHUILI. B TaHHOM cjyuae ecTeCTBEHHO
HWCIIOJIb30BaTh JIBYCTOPOHHUII KpPUTEepUil. JTO, KOHEUHO, HE CO-
BCeM OOBIYHO [IJisI KPHUTEepPHEeB, OCHOBAHHBLIX Ha F-craTrucruke.
i ypoBHSI O MOKHO B3STh B KaueCTBe KPUTHUUYECKUX T'PAHUIL
TaKMe BEeJUYNHBI, YTOOBI BEPOATHOCTDH IOHANAHWS W B JIEBBIHA, U
B IPaBBIM XBOCT ObLIA OZHOM M TOH Ke — /2. 3amMeTuM, UTO
KPUTHUYECKUE TPAHUILI B 9TOM CcJyuae OyAyT OOpATHBIMHU IPYT
IPYTYy BeJIWUYWHaAMU, MOCKOJbKY IJs F-pacmpenmesieHus BBITIOJIHE-
HO:

F(I—B):ﬁ.

HyneBas rumore3a COCTOUT B TOM, UTO HET I'eTEPOCKEIACTHY-
HOoCcTH (OIIMOKM TOMOCKeTacTHUHbI). Ecim mucmepcumoHHOE OTHO-
IIeHWe MOIaJnaeT B OAWH M3 ABYX XBOCTOB, TO HyJieBas THUIIOTE3a
OTKJIOHAeTcA. B TakoM ciayuae nejiaeTcsd BBIBOJ, UTO OIIUOKU re-
TEePOCKeJACTUUHEI.

YTo6bl IOJYYUTH <«IBYCTOPOHHUIN» YpPOBEHb B3HAYMMOCTH,
HYKHO YMHOMKUTH OOBIUHBLIN «OJHOCTOPOHHUII» YPOBEHL 3HAUN-
MocTH Ha 2. 9TO BEePHO, KOHEUHO, TOJBKO MAJIs IIPaBOTO XBOCTA.
s 71eBOoro xBocTa HYYKHO OTHATH «OJHOCTOPOHHUM» YPOBEHB
3HAYMMOCTHU OT €IVWHUIBI 1 YMHOXUTH Ha 2.
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B ocHOBe [MaHHOTO KpUTEPUS JEKUT IIPEAINOJIOKEeHNe, UTO
IUCIIepCus OIMMOKM 3aBUCUT OT IIepPeMeHHOM d cJieqyioInero BU-

a:

o/2 o2

PucyHok 13. [IBYCTOPOHHUI F-kpuTepuii

d= 0, i<n,
‘ 1, i>n,

B obmem ciyuae AucIiepcHs MOMKET 3aBMCETh OT HEKOTOPOIt
mepeMeHHOH z. B TakoM ciyuae MOXHO pas3OuTh HAOJIIOJeHUSA Ha
IBe TPYIILI II0 HEKOTOPOoil rpamume 2. Torga dopmyna musa me-
PeMeHHOI d IPUMeT CJIEeAYIOIIUA BUI:

d, = { 0, z< z:
' 1, 2,>z2

OpHaKo, pacCMATPUBaeMbIM KPUTEPUMN DOJIKEeH UMETh MAaJIyIo
MOIITHOCTh MPOTUB AJbTEePHATUBHBIX T'MIIOTE3 TAKOTO OoJiee 0OIIe-
ro Buza. /g yBeJIWUeHUsS MOIIHOCTH YAaCTO NPU pacueTe CTATH-
CTUKU HE WCIOJb3YIOT YacTh CPeJHuX HabJofeHuil (CpegHux,
€CJII PaccopTUPOBATH HAOJMIOAEHUA IO MOPAAKY BO3PACTAHUA Z,).
IIpu aTom n, + ns <n.

MoiHoCTs KpuTepusi ObLiTa ObI OoJibIlle, ecau ObI B HEM HC-
[oJIb30BajiaCh caMa IlepeMeHHas z, OT KOTOPOMH, KakK IIpexIoJa-
raercsi, MOKeT 3aBHUCeTh AuciiepcusaA. Ho momoOHBIE KpuUTepuu
y:ke He OyayT mMeTh TOuHOTO F-pacmpeneneHusi B KOHEUHBIX BbI-
6opkax. OnuiteM oguH M3 HamboJiee MPOCTHIX KPUTEPUEB TAKOTO
poza.

CraTuCTUKY KPUTEepPUs MOKHO IMOJYUYUTH C IOMOIIBIO BCIIO-
MoraTeJbHOU perpeccuu:

e’ OT KOHCTAHTHI U ;.
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[ TpoBepKM HYJIE€BOM TUIIOTE3hI MCIOJb3yeTcsa ob0bruHas F-
CTAaTUCTUKA W3 JTOU PErpeccuy, COOTBETCTBYIOIAS THUIOTE3E O
TOM, YTO KOa(DUIMEHT Opu z;, paBeH HyJsi0. KoHeuHO, 9Ta cTaTu-
cTuka Oymer mMeTh F-pacipeneisieHune TOJNBKO IIPUOJUIKEHHO, C
ACUMIITOTUYECKON TOUKU 3PEHUA.

B Gosee 001ieM ciyuae TaKUX <«IIOJO3PUTENbHBIX» (C TOUKU
3peHus BJIUAHUS HA OUCIEPCHUIO) TTePEeMEeHHBIX MOKeT OBLITH He-
ckoabKo. IlycTs oHHM cobpanbl B marpuily Z. BcmomorareabHas
perpeccus B 9TOM cJiydae 3aJaeTcs ypaBHEHUEM:

e;’ = o+ Zy+ ommbka.

HymneBas rumore3a 0 OMOCKEIZACTUYHOCTH IIPOBEPSAETCA KaK
TuIoTe3a 0 ToM, 4To Y= 0, T.e. 4TO KO9((PUIMEHTHI IIPU BCeX IIe-
PEeMeHHBIX KpoMe KOHCTAHTHI PABHBLI HYJIIO.

B3BgellueHHasn perpeccus

IIycTh M3BECTHO, UTO AHUCIIEPCHUSA IIPOMOPIIMOHAJIbHA HEKOTO-
poit mepeMeHHOU w;:
6.2 =\w;.
ITomenuB Kakgoe HAOJIIOAEHNE B MCXOIHOI perpeccuu Ha \/Ei,
TMOJIYYUM PETrpPecCcuio
U= X lﬁ +&,
rue
S Y g L O
yi__\/Ea Xi,_\/EiXm Ei_@’
IIpu sToM B mosiyuuBIlIeiicsI perpeccum OIIUOKU OymyT yike
TOMOCKEIACTUYHBI:
E(g€') =l
TaxuM 0o0pasoM, YTOOBI M30ABUTHCSI OT I'eTEPOCKEIACTHUUYHO-
CTHU, HAIO0 Pas3geJUTh KaykIoe HaOJIoJeHUe Ha YHNCJI0, IIPOIop-
IUOHAJbHOE KOPHIO M3 AUCIIEPCUU OIINOKK 3TOr0 HAOIIOMEHN’.
Taxas perpeccusi HasbIBaeTCS B3BeLIEHHOW perpeccuert. Yumeaa
w; HABBIBAIOT BeCaMu. 3hech eCTh HEKOTOpas HEOLHO3HAUHOCTDL B
TepMuHOIOrnu. VIHOTAA BecaMy HA3bIBAIOT [w,; wiau 1/w,. OueHKn
K03()(UIIMEeHTOB BO B3BEIIIEHHON PErpeccuu SABJIAIOTCS PeIleHUus-
MU 3aaY¥ MUHMMHA3AIMN B3BEIIIEHHON CyMMBbI KBaJgpaTOB:

R3S(B) = Lo ()~ X L B

= 2@8’2
oW

— minf.
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BaBellleHHYI0 perpeccuio MOXKHO PACCUUTATHL C IIOMOIIBIO
OOBIYHOTO SKOHOMETPUUYECKOTO MaKeTa KaK OOBIUYHYIO perpeccuio,
onHako mpu aToM R’ u F-cratumcruxa GyAyT paccUUTaHBI HeBep-
HO, IOCKOJBKY BO B3BEIIIEHHOU perpeccuu He OyJeT KOHCTAHTHI.
Ha mecre KoHCTaHThHl (7;, = 1) B TaKOU perpeccuu OyAeT CTOATH
nepeMeHHasA C TUIIUYHBIM 3JI€MEHTOM

i1 '\/Ei.

XapaKTepHBIII OPUMEP WCIIOJb30BAHUS B3BEIIIEHHOU perpec-
CUM — perpeccus ¢ yCpeoTHEeHHLIMU HAOJTIOAeHUSIMU.

IIpenmonmo:kuM, UTO BCe MCXOLHBIe HaOmoxeHusA {1, ..., n} ObI-
Jii pa30UTHI HA I'PYIIIBEI 1 HAM H3BECTHBI He MCXONHBIE JaHHBIE, a
TOJIBKO cpenHue mo rpynmamM. O0o3HauUMM MHOYKECTBO HabJiome-
HU# k-# rpynnsl yepes [,, KOJIUYECTBO HAOMIONEeHUHN B k- rpynme
yepes n,. MbI IpeAIogaraeM, YTO U3BECTHHI TOJIbKO BEJIUUNHBI

ijznik > Y Xk:nlk > X

v iel, i€l

=

IIo cytu mena, MBI UMeeM eJI0 C perpeccuei
U= Xy B T,
TIle TI0 aHAJOTUU

_ 1
‘C*k:n_kzai (ycpenHeHHBIe OMIMOKM).

“iel,

IIpo6sieMa COCTOUT B TOM, UTO €CJIM MCXOMHBIE OIIMOKK OBIIN
TOMOCKEeIACTUYHBI, TO YCPEeJHEHHLbIe OIIMNOKK B OOIIeM cJydae
IOJI:KHBI OBITH TeTepoCKeNaCTHUUHBLI. KEcium HCXOOHBIE OIIUOKU
VMeJH TUCIIePCUI0 G°, TO YCPeJHeHHAs OIMMOKA AJIA k-Hi TPYIIIBI
nMeeT TUCIEePCUI0

2
E(e) ~52El(Te)] - 5z SE) =z mo’ =
iel, i€l

Takum o06pasoMm, aumcmepcus OIMMOKM k- Tpynmel ob6paTHO
MIPOIOPIIMOHANbHA KOJMUYECTBY Habmiomenuit B rpymme. IlosTomy
IJIs1 OIeHMBAHUS YCPEAHEHHOM pPerpeccuu CJEeAyeT HCII0JIb30BaTh
B3BEIIIEHHYIO Perpeccuio ¢ BecaMu w, = 1/n,, TO eCThb LOMHOMKHUTH
KakIoe ycpeaHeHHoe HabJIIofeHNre Ha KOPeHb M3 KOJNUYEeCcTBa Ha-
OJsfomeHuil B TpyIIe:

G =\ X B+ €

3aMeTuM, UTO B PErpecCuy ¢ yCPeTHEHHBLIMH HAaOJII0NeHUSIMNI

MBI B OOIIleM cJiyyae He IIOJYYUM Te »Ke OIeHKM, UTO U B HMCXO/I-
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HO#l perpeccuu. BoJsiee TOro, mpu ycpemHeHUU TepsaeTca HHQOP-
Manus — OIIEHKM CTAHOBATCA MeHee TOUHBIMH B TOM CMEICJIE,
YTO KOBapHallMOHHAs MATPHUIlA OIEHOK YCPeIHEHHOM perpeccuu
He MeHbIIle, YeM KOBapHAIlMOHHAs MATPHUIA OIEHOK WNCXOIHOI
perpeccun (T.e. UX PasHOCTh — IIOJIOMKUTEIHHO IIOJYOIpPeae/IeH-
Haa marpuita). CoBlnaseHure OLEHOK M KOBAPUAIMOHHBLIX MATPHIL
BO3MOXKHO TOJIBKO KOT[a B IIpefesax KasKmoi rpynnbl X, OTHU U
Te JKe.

06006LeHHbIn MHK (MeTopn, OriTkeHa???)

O6o06mienuniii MHK ocHOBaH Ha TOI Ke HIee, UTO U B3Be-
menuslii MHK. Ilo cyru mema B3Bemienubiii MHK — »aT0 uwact-
HBIH cayuair 06ob0ienaoro MHK.

IIycTh KOBapualnoHHas MaTPUIlA OIIMINOOK MMeeT CJIeYIOITUi
BUJ:

E(asT) =AW,
roe W — wusBectHasa marpuna. OHa moJ:KHA OBITH CHUMMETDPUY-
HOM ¥ TOJIOMKUTEJIbHO OIIpeIeIeHHOM.
KosddunuenTts: B B 9TOM ciyuae MOXKHO OLEHUTH IO (POpMy-

Jae
B=(X"W'X) X W'y.
ITockonsry W — cumMMeTpuuHas U HOJIOXKUTEJILHO OIIpeJe-
JIEHHAsI MAaTPUIlA, TO €€ MOYKHO IPEACTABUTh B BUIE
w= A"A,
rme A — KBagparTHasa HEBBIPOMKICHHASA MATPUIA. ITO MOMKET

OLITh, HATIPUMED, PasjiosKeHre XOoJeIiKoro. B ToKkoM cayuae mar-
puma A GyzeT TpeyroJbLHOM.
O6partnas matpuna W ' K OymeT MMeTh aHAJIOTUUHOE IIPEJ-
CTaBJIeHUEe:
W 1 — A 1(A l)T,
0O6o0mienuniii MHK sxBuBaJileHTeH cJjemyiolleil BcIoMora-
TeJbHOU PEerpeccuu:
g=Xp+E,
rue
g=(A""y, X=(A")'X, &=(4"),
B aToii perpeccuu omubxku y:Ke 0yayT cepruUHBIMU:
E(EET) =M.
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(Cnemyer mpemympenuTh, YTO, KAK M B YACTHOM CJiyuae B3Be-
IIIEHHOM PEerpeccuu, €CJU OIEHUTL BCIIOMOTATEJIbHYIO Perpeccuio
C IIOMOIIBbI0 OOBIYHOI'0 SKOHOMETPHUUECKOTO IaKeTa KaK OOBIYHYIO
perpeccuto, 1o IR* u F-cratucruka GygyT pacCUMTaHBl HEBEPHO. )

TeomeTpuuecKku 3ajaua COCTOUT B TOM, UTOOBI HAWTU TAKOM
BekTop Y u3 £(X), uToGBI paccTosiHVE MeXIy Yy U Yy ObLIO Mu-
HUMAaAJBbHBIM:

lly — yll - min
ye £(X).

OgHAKO 9TO ysKe He eBKJMUI0BO paccTosHue:???

2~ @’ =\[(e' - 2")"W (o )

HopmarnbHocmb

IIpenmonoxkene 0 HOPMAJbHOCTH OIINOOK MMeEeT BU:

e~ N0, 6°1).

(3mech, Kak ™ paHee, IIPeNNOJIO}KEHHE O HOPMAaJbHOCTHU
BKJIIOUAET B ce0si TaKiKe BCe MPeABIAYINIe IPeAIOJIOMKeH. )

Eciu HOpMAaJILHOCTH OTCYTCTBYET, TO He OyAYT BBIIIOJHEHBI Te
CBOIICTBa, O KOTOPBIX roBopujoch BeImie. Cratuctukm t u F He
OyayT mMeTh B KOHEUHBIX BBIOOpKax TouHOro t- m F-pacupenene-
HUSA, TOJBKO acuMmnToTuuecku. Kpome Toro, omnenku HEK y:ke He
oyayt omenkamu MII, 1, ciemoBaTeilbHO, He OYAYT ACHMIITOTHU-
yecKku sp@PexTuBHBIMU. TeM caMbIM, €CJIM M3BECTHO pacipejeJie-
HHue ommubok, nmpu ucooab3oBanuu MHEK Tepsierca mudopmarius
U OIleHKMW MeHee TOUHLI. Hampumep, ecau pacmpeiesieHue OIIu-
0OK MMeeT TOJICThIE XBOCTHI, TO BEJIHKA BEPOATHOCTb, YTO OIIUO-
Ka IJIS KaKoro-to HaOJomeHus OyaeT OOJIBIION IO abCOJIIOTHOM
BeJINYMHE, U TaKoe HaOJIOJeHNe CUILHO IIOBJUAET HA OIEHKMU.

Eciu pacupenenenue omubOK TOYHO H3BECTHO, TO BMECTO
MHK wmo:xHO ucmoab3oBaTh MMII ¢ 1menbio mOSyYeHUA aCHMIITO-
Tu4YeCKN 9(Pp(PeKTUBHBIX OII€HOK.

Eciu m3BeCTHO TOJBKO, UTO pacIpeneseHre MOMKET WMeTb
TOJICTBIE XBOCThI, To BMecTto MHK MoskHO mcIoJb30BaTh 0oJee
pobacTHble MeToAbl OLEHNBAHUS, TO €CTh TaKKe, KOTOPble MeHee UyB-
CTBUTEJBLHBI IO OTHOIIEHUIO K OTKJIOHEHUAM OT HOPMAJBLHOCTHU.
B uwacTHOCTH, YacTO IpeIJaraeTcs HCIIOJIb30BATh METO[ HaUMEHb-
LUVX OTK/IOHEHNV (HAMMEHBIIINX MOAYyJiei). B HeM MUHUMU3UPYETCS
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He cyMMa KBaJpaToOB OCTATKOB, a CyMMa MOAYyJell ocTaTKoB. lle-
JeBasd GYHKIUA MMeeT BUI:

n n
Zl|€7(l3)| = ley, - XBl - minp-
1= 1=

s Toro, 4ToOBI OIEHUTH, HACKOJBLKO pacipefeieHre OTJIU-
YyaeTcsa OT HOPMAJBHOT'O, OOBIUHO HCIIOJB3YVIOT TPETUU U UETBEDP-
THIHA IEHTPAJbHBIA MOMEHTBHI

I'LB = E(& - E(&))37 H4 = E(& - E(&))‘"
rge & — ciayuaiiHas BeJMUYNHA, UMeIOINas MAaHHOE paclpenesie-
HUeE.

MoMeHTBI MMeeT CMBICJ HOPMUPOBATh, YTOOBI MOMKHO OBIIO
CpPaBHUBATH pacIpelesieHusA C Pa3HbBIMU AucHepcusaMu. Tem ca-
MBIM, IIOJy4YaeM KO3(p(PUIMeHTHl aCUMMETPUUN U KyPTO3UCa.

AcumMeTpus:

M

63 *
KypTtosuc:

My

o!’

ITockoubKYy y HOPMAaJBHOTO paclpefiefleHusA KYPTO3UC DaBeH
3, TO MPUMEHSAIOT II0Kas3aTeJib, KOTOPHI paBeH HYJI0 B ciliydae
HOPMAJBHOTO paclpefeieHuA. OITOT KO3(P(PUIMEHT Ha3bIBAIOT
DKCIIECCOM.

KcLecc:

PacnpeneneHus ¢ IIOJOMKUTENIbHBIM 39KCIIECCOM OOBIUYHO Xa-
paxTepusyioTcsa 60oJiee OCTPOM BEPIIMHON M 00jiee TOJCTHIMH XBO-
cTaMu, 4YeM HOPMAaJbHOE pacipenenenme. PacmpeneneHus C OT-
PHUIATEJIbHBIM 5KCI[ECCOM, HA00OPOT, OOBIUHO XapPaKTEePU3YIOTCS
0ojiee ILIOCKOM BepIIMHOI M 00jJee TOHKMMH XBOCTAMMK, UYeM
HOpMAaJIbHOE pacupefeeHue.

Hanuune OTKJIOHEHUII OT HOPMAJBLHOCTH MOYKHO 3aMETHUTh
rpaduuecku. [[Jisg 9TOr0 MOKHO KCIIOJIB30BATh T'MCTOrPDAMMY, KO-
TOpas SABJIAETCS OIEHKOM IIJIOTHOCTH paclipeliejieHus. B mamHOM
cJIy4yae HCIIOJb3yeTCs I'MCTOTpaMMa OCTATKOB, IIOCKOJBKY OCTAT-
KU SBJISAIOTCA OLleHKaMu ommubok. Iisa Toro, uroObl Ha rJas 3a-
METUTH OTKJIOHEHUS OT HOPMAJLHOCTU, YAOOHO HAJOMKUTH HAa
THCTOTPaMMY I'pa@UK IJIOTHOCTH HOPMAJBLHOTO PaCIIpeaeseHusI, C
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HOpPMAJIbHOE
pacripezienieHne

/

PucyHok 14. PacnpegeneHue ¢ NonoXUTeNbHbIM 3KCLIECCOM Mo
CPaBHEHMIO C HOPMaJlibHbIM pacnpeaenieHem

TaKoOM Ke AUCIepcHuel, KaK y OCTaTKOB (MMeeTcA B BUAY BbIOO-
pouHas OIleHKa AMCIIePCUN).

HOpMaJbHOE
pacmpeneneHue

PucyHok 16. PacnpeseneHnve c oTpuuaTenbHbIM
3KCLIECCOM MO CPaBHEHWIO C HOPMaslbHbIM
pacrnpegeneHneM

PucyHok 15. 'ctorpamma
ACMMMETPUYHOrO pacnpeaeneHuns
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HOpMaJlbHOE
/ pacnpeneneHue

PucyHok 17. T'nuctorpamMma pacnpeaeneHus c
MOSIOXKMTENbHBIM 3KCLIECCOM

To, uTO pacmpenesieHre OIMUOOK WMeeT OOJbBIION ITOJOMKM-

—__ HOpMallbHOE
pacnpezeneHue

PucyHok 18. T'mcTorpamma pacnipegenenust ¢
OTpULATENbHBIM 3KCLIECCOM

TeJbHBIN 9KCI[eCC, MOXXHO 3aMETHUTHh TaKMe Ha rpa(bmce OCTaTKOB

*

PucyHok 19. pacmk octaTkoB Ans
pacnpeaeneHus ¢ 60bLUMM NONOXKUTENBHBLIM
3KCLeccoM. Bblbpochl 0OTMeYeHbl 3Be3404KaMm
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0 Kakoii Jambo IIepeMeHHOIi, HalpuMmep, II0 HOMepy HabIome-
Hus. Ha rpadguke oCcTaTKOB B 9TOM cJiydae MOJIYKHO OBITH 3aMeT-
HO O0OJIbIITOE KOJMUYECTBO BblOPOCOB, TO €CTh CHUJIBLHO OTKJIOHSIO-
muxcsa HaOaomeHn. @opMabHBIA KPUTEPUHA IJIST IPOBEPKU Ha-
JUYUS BEIOPOCOB MBI PACCMOTPUM B JaJIbHEHIIIEM.

Hasi IpOBEpKM HOPMAaJbHOCTU MOYKHO HCIOJB30BAaTh KPHUTE-
puii Kapra-Beppl. CraTtucTuKa sTOT0 KpUTEepHS OCHOBaHA HAa
acUMMETPUU U dKcCIlecce.

OmnpenenrnM HOPMUPOBAHHBIE OCTATKU KakK

. e —€
ei: s

e ¢ — cpelHee OCTAaTKOB (OHO paBHO ( IpUM HAIWYUU KOHCTAH-
TBI B PErpeccuu), s — KOPEHb U3 s°, OLEHKU JUCIIEPCUU.
CraTuCTUKY KPUTEPUA MOXKHO BBIUUCJIUTH 110 hopMyJie

n n
N NG RACE

CratTucTUKa WMeeT AaCHUMITOTHYECKU pacipenejeHne Xu-
KBaJpaT ¢ ABYMsA cTemeHaMHu cBoOoabI. IlepBoe ciaraemoe OTHO-
cUTCA K acCUMMETpHuM, BTOpoe — K sKcieccy. Kaikmoe us ciarae-
MBIX ACHUMIITOTUYECKM pacIpelesieH0 KaK XU-KBagpaT € OTHOM
CTeIIeHbI0 CBOOO/IEI.

Cnenmyer cmenaTh omHO 3ameuaHue. To, UTO IPU IIPOBEPKE
HOPMAJLHOCTY Ka’sKeTCs MOJIOKUTENHLHOCTBIO 9KCIlecca pacipese-
JeHUs OIMMUOOK, Ha CaMOM Jejie MOKET OBITh CJIeICTBUEM IeTepo-
CKeJaCTUUHOCTH.

IlycTs, HampuMep, AKUCIePCUA OMMOKK G2, ABJIAeTCA caydaii-
Hoii Benmumuou. (B mamHOM ciydyae IO CMBICIAY 3TO YCJIOBHASA
nucnepcus.) Eciam yciioBHoe pacmpenesieHHe OINNOOK SBJISETCS
HOPMAaJILHBIM,

g 0% ~NO0,6%),

TO 0e3yCcJOBHOE paclpefejieHre NOJYKHO B O0IeM cjJydyae MMeTb
MMOJIOKUTENBHBIN dKcIecc. I'eTepocKemfacTUYHOCTh TAaKOro pojaa
(ycioBHasg) He SABJAETCSI TeTePOCKEJaCTUUYHOCTHIO B OOBIYHOM
cMmbIcie ciioBa (0e3yCJOBHOM), IIOATOMY OHA He IPUBOAUT K HECO-
CTOATEJBHOCTH OIIEHOK KOBApPUAIMOHHON MATPHUIILI OIEHOK
MHEK. OgHako Kak M ¢ OOBLIYHOM I'eTepPOCKEeIaCTHUYHOCThIO, €CJIH
W3BeCTHA IIepeMeHHas, OT KOTOPOIl 3aBUCHUT YCJIOBHAA MUCIEP-
cus, To ucnoab3oBanue MHK osHauaer morepio mHpOpMAIIUHA.
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O6pIuHAasA, HeTePMUHUPOBAHHAA, I'€TEPOCKEIACTHUUYHOCTh TOXKe
MOJKeT IPHUBOAUTH K TOMY, UTO pacIpelesieHne OIINO0OK Oyaer
KasaThCsA MMEIOIMM 00Jiee OCTPYIO BEPIIMHY U 00Jiee TOJICThIE
XBOCTBI, UeM Ha caMoM jeje. V3 HaHHBIX pPaCCY:KIEHUII MOKHO
caejiaTh BBIBOO, UTO CJieAyeT CHadaJia IIPOBEPUTH IIPEAIIOJIOKEeHMe
0 F'OMOCKEJaCTUYHOCTH, a 3aTeM Y2Ke IMPOBEePSATh HOPMAJIbHOCTb.
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